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INTERACTING PARTICLE SYSTEMS AT THE EDGE OF MULTILEVEL
JACK PROCESSES
EVGENI DIMITROV AND PANAGIOTIS LOLAS
Abstract. We consider a multilevel continuous time Markov chain X(s;N) = (Xji (s;N) : 1 ≤ i ≤
j ≤ N), which is defined by means of Jack symmetric functions and forms a certain discretization
of the multilevel Dyson Brownian motion. The process X(s;N) describes the evolution of a discrete
interlacing particle system with push-block interactions between the particles, which preserve the
interlacing property. We study the joint asymptotic separation of the particles at the right edge of
the ensemble as the number of levels and time tend to infinity and show that the limit is described
by a certain zero range process with local interactions.
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1. Introduction and main results
The main results of this paper are contained in Section 1.2. The section below gives background
for the main object we study, which is a certain interacting particle system with push-block dynam-
ics.
1.1. Preface. During the last two decades there has been significant progress in understanding the
long time nonequilibrium behavior of interacting particle systems and random growth models that
belong to the so-called KPZ universality class. An important role for this success, has been played
by integrable (or exactly solvable) models. Integrability in this case refers to the fact that these
systems typically come with some enhanced algebraic structure, which makes them more amenable
to detailed analysis and hence provides the most complete access to various phenomena such as
phase transition, intermittency, scaling exponents, and fluctuation statistics.
One particular algebraic framework, which has enjoyed substantial interest and success in analyz-
ing various probabilistic systems in the last several years, is the theory of Macdonald processes [4].
Macdonald processes are defined in terms of a remarkable class of symmetric polynomials, called
Macdonald symmetric polynomials, which are parametrized by two numbers (q, t) - see [23]. By
leveraging some of their algebraic properties, Macdonald processes have proved useful in solving a
number of problems in probability theory, including computing exact Fredholm determinant for-
mulas and associated asymptotics for one-point marginal distributions of the O’Connel-Yor semi-
discrete directed polymer [4, 6]; log-gamma discrete directed polymer [4, 7]; KPZ/stochastic heat
equation [6]; q-TASEP [2,4, 5, 8] and q-PushASEP [12,14].
Date: November 21, 2018.
1
ar
X
iv
:1
61
2.
03
48
4v
1 
 [m
ath
.PR
]  
11
 D
ec
 20
16
INTERACTING PARTICLE SYSTEMS AT THE EDGE OF MULTILEVEL JACK PROCESSES 2
There is a rich class of integrable models for interacting particle systems that comes from the
multivariate continuous time Markov chains, which preserve Macdonald processes. These dynamics
are called push-block in [12], but we will refer to them as multilevel Macdonald processes or MMPs.
MMPs describe certain interacting particle systems with global interactions, whose state space is
given by interlacing particle configurations with integer coordinates. For a definition of MMPs we
refer the reader to Section 2.3.3 of [4]; however, we remark that the construction there is parallel to
those of [3,9] and is based on a much earlier idea of [15] (see also [12] for a more general discussion).
Two particular cases of the MMPs, which have been studied extensively, are t = 0 (this degen-
erates Macdonald to q-Whittaker symmetric functions) and q = t (this degenerates Macdonald to
Schur symmetric functions). One reason these two cases have received much attention is because of
their connection to the KPZ equation and universality class (see [4,6,9] and the references therein).
Another, more technical, reason is that these two cases come with a certain algebraic structure,
which can be exploited to obtain concise formulas for a large class of observables. Specifically, in
the Schur case (q = t) the dynamics is described by a determinantal point process, whose correla-
tion kernel has a relatively simple form along space-like paths [9]. In the q-Whittaker case (t = 0)
and also for generic (q, t) parameters the algebraic tools that provide access to detailed asymptotic
analysis are the Macdonald difference operators [4].
In this paper we study a different case of the MMP, when t = qθ and q → 1, where θ > 0. This
parameter specialization degenerates the Macdonald to the Jack symmetric functions and we call the
resulting dynamics multilevel Jack processes or MJPs. MJPs form a one-parameter generalization
of the multilevel Schur dynamics and they degenerate to the latter when θ = 1. One reason that
MJPs have received relatively little attention is because the existing methods for the Schur and
q-Whittaker case are not directly applicable to this setting. In particular, for θ 6= 1 MJPs lose
the determinantal point process structure of the Schur dynamics, and the q-moments method that
comes from the Macdonald difference operators fails to produce useful formulas for observables.
One motivation for studying MJPs comes from their connections with random matrix theory.
In [19] it was shown that under a diffuse scaling limit the MJPs converge to a simple diffusion process
that depends on a parameter β = 2θ and is called multilevel Dyson Brownian motion (MDBM).
This process generalizes the interlacing reflected Brownian motions process of Warren [25], which
is recovered when β = 2. In addition, when projected on the top row the MDBM agrees with the
Dyson Brownian motion and its fixed time distribution is given by the Hermite β corners process.
Another important feature of MJPs is that their fixed time distribution of the top level is described
by the discrete β-ensemble of [11]. The discrete β-ensembles are probability distributions on particle
ensembles, which are discretizations for the general-β log-gases of random matrix theory. The link
between MJPs and the discrete β-ensemble is described in Section 5 below and it plays an important
role in our arguments.
In view of its connection to the MDBM and the discrete β-ensembles, but also as an interesting
integrable model in its own right, it is desirable to develop tools and analyze the MJP and this is the
main purpose of this paper. Our main results (Theorems 1.1 and 1.4 below) describe the asymptotic
distribution of the separation of the particles at the right edge of a particular MJP as the number of
levels and time go to infinity with the same rate. In this limit we show that the dynamics of the gaps
between particles converge to an explicit stationary continuous time Markov chain. Interestingly, in
the limit the interactions of the particles on the right edge with the rest of the diagram disappear.
I.e. the particles on the right edge decouple from the others and their limiting evolution is based on
local interactions among themselves. We remark that the latter phenomenon was observed in the
case of MDBM in [18], where analogous (continuous) versions of our results were obtained.
Our methods are largely influenced by [18]; however, we emphasize that we make substantial
modifications to their arguments. As basic ingredients for our proofs we use results available for
the discrete β-ensemble such as the law of large numbers for the empirical measures and the large
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deviation estimates for the right-most particle [11]. These substitute asymptotic results from random
matrix theory that were utilized in [18]. In addition, due to the discrete nature of our process, we
achieve various significant simplifications of our proofs, especially for the dynamical setting. So for
example, we completely avoid using strong results from SDE theory such as rigidity estimates for
Brownian motion, and instead rely on more direct probabilistic arguments.
We now turn to formulating our problem and presenting our results in detail.
1.2. The process X(s;N). We start by describing the main object that we study, which is a certain
N(N + 1)/2-dimensional process that we denote by X(s;N) =
(
Xji (s;N) : 1 ≤ i ≤ j ≤ N
)
, s ≥ 0.
The state space of this process is the space of Gelfand-Tsetlin patterns GTN , defined by
(1) GTN = {y = (yji )1≤i≤j≤N ∈ ZN(N+1)/2 : yj+1i ≥ yji ≥ yj+1i+1 , 1 ≤ i ≤ j ≤ N − 1}
At time 0 we assume that the process starts from X(0;N) = 0N(N+1)/2. In what follows we
describe the evolution of the particles, and to make illustrations clearer we will work with the
deterministically transformed process xji = X
j
i − i+ 1. We interpret the coordinates xji as positions
of particles, and we also use xji to label them. The initial configuration for the transformed process
is given in Figure 1 and the dynamics is as follows.
Each of the coordinates (particles) xji has its own exponential clock with rate given by
q(xji ) = θ ·
i−1∏
r=1
xjr − xji + (θ − 1)(i− r + 1)
xjr − xji + (θ − 1)(i− r + 1) + θ
· x
j−1
r − xji + (θ − 1)(i− r)− θ
xj−1r − xji + (θ − 1)(i− r)− 1
×
j−1∏
n=i
xji − xjn+1 + (θ − 1)(n− i)
xji − xjn+1 + (θ − 1)(n− i+ 1)
· x
j
i − xj−1n + (θ − 1)(n− i) + θ
xji − xj−1n + (θ − 1)(n− i) + 1
,
(2)
where θ > 0 is fixed throughout this discussion. This particular form of the jump rates is a
consequencence of our definition of the dynamics through Jack polynomials - see Section 2 below.
Although the expression in (2) is rather involved, it turns out that it provides the correct way to
discretize the dynamics of the multilevel Dyson Brownian motion [19].
All clocks are assumed to be independent and when the xji clock rings the particle jumps to the
right by 1. We observe that the above jump rates induce the following push-block dynamics, which
ensure that the process xji will always satisfy x
j+1
i ≥ xji > xj+1i+1 for 1 ≤ i ≤ j ≤ N − 1 (i.e. our
original process X(s;N), s ≥ 0 will never leave GTN ).
Figure 1. Initial condition for the
process xji = X
j
i −i+1 when N = 4.
Figure 2. Sample particle configuration for
N = 4.
From (2) we see that the jump rate of a particle xji depends only on the positions of the particles
on rows j and j − 1. If i > 1 and xj−1i−1 = xji + 1 , then we notice that the first product in (2)
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vanishes and so q(xji ) = 0. We say that the particle x
j−1
i−1 has blocked x
j
i and the latter cannot jump
to the right. In Figure 2 particle x44 is blocked by its bottom right neighbor x33 and particle x22 by
its bottom right neighbor x11.
We next suppose that we have xj+1i = x
j
i and that x
j
i has jumped to the right by 1. In this case
we see that the denominator of q(xj+1i ) in (2) vanishes and so the jump rate becomes infinite. This
causes xj+1i to immediately jump to the right together with x
j
i and we say that x
j
i has pushed x
j+1
i to
the right. This pushing mechanism continues upward, so if for example the move xj+1i → xj+1i + 1
has made this particle surpass xj+2i then x
j+2
i is also pushed to the right by 1. In general, if a
particle xji has jumped to the right by 1, then we need to find the longest string of particles such
that xji = x
j+1
i = · · · = xj+ri and move all of them simultaneously to the right by 1.
We illustrate the latter push dynamics with an example. If x32 jumps to the right twice and then
x21 jumps to the right once, we will obtain Figure 3 from Figure 2. The first jump of x32 simply
moves that particle to the right by 1. The second jump moves it to the right, but also pushes x42
to the right by 1. Finally, when x21 moves to the right it pushes x31, which in turn pushes x41 to the
right and so altogether all three particles move to the right by 1. A simple heuristic to help the
Figure 3. Result of particle x32 jumping twice and x21 jumping once, starting from Figure 2
reader remember how the push-block dynamics works is that lower particles are heavier and higher
particles are lighter. Then when a heavy particle moves it pushes all lighter particles above it, and
when a lighter particle tries to jump and there is a heavier one blocking it, it will not move.
The above push-block dynamics ensures that our process X(s;N), s ≥ 0 never leaves GTN and
is thus a well-defined process there. Although the dynamics that we presented above is certainly
sufficient to define the process X(s;N), s ≥ 0 we will postpone a formal definition until Definiton
3.1 later in the text. That definition will be based on the formalism of multilevel probability
distributions and stochastic dynamics, built from Jack polynomials, which is presented in Section
2 below.
In what follows we summarize the main results of our paper for the process X(s;N), s ≥ 0.
Theorem 1.1. Let X(s;N), s ≥ 0 be as in Definition 3.1 with θ ≥ 1. Fix t > 0, s ≥ 0 and k ∈ N.
Then as N →∞ the sequence(
XN1 (tN + s;N)−XN−11 (tN + s;N) , ..., XN−k+11 (tN + s;N)−XN−k1 (tN + s;N)
)
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converges in law to a random vector (Q1, ..., Qk) ∈ Zk≥0, where Q1, ..., Qk are i.i.d. random variables
with
P(Q1 = n) = (1− p)−θ Γ(n+ θ)
Γ(n+ 1)Γ(θ)
pn, n ∈ Z≥0, and p =
√
t
1 +
√
t
.
Remark 1.2. In [18], the authors considered the same limit as in Theorem 1.1 for t = θ−1, for
the multilevel Dyson Brownian motion. In the limit they also obtained that the separations of
adjacent particles on the right edge at fixed time are i.i.d. random variables, but with the Gamma
distribution with density
f(x) =
θθ
Γ(θ)
xθ−1e−θx.
In this sense, we see that Theorem 1.1 produces a discrete version of the result in [18].
Our next aim is to formulate a dynamic multilevel convergence result about the processX(s;N), s ≥
0, but before we do we describe the limiting object, which is a certain zero range process with local
interactions.
Let us fix k ≥ 1, t > 0 and θ > 0. Suppose we have k piles of particles at locations 1, ..., k, and
at time s the i-th pile contains a non-negative integer number of particles Qi(s). In addition, we
assume we have a pile with infinitely many particles at location 0 and a sink at location k+ 1. The
i-th pile with i ∈ {1, ..., k} has an exponential clock with parameter λi(s) = θ · θ+Qi(s)1+Qi(s) . The clocks
are independent of each other and when the i-th clock rings, a particle from the closest non-empty
pile to the left jumps into pile i. The infinite pile at location 0, ensures that there is always a
non-empty pile to the left and is a source for new particles to enter the system. In addition, the
sink has an exponential clock with constant parameter λsink = θ · 1+
√
t√
t
and when the clock rings a
single particle jumps from the nearest non-empty pile to the left into the sink and disappears. A
graphical representation of this process is given in Figure 4. We also isolate this construction in a
definition for future reference.
Figure 4. The process Q(s) when k = 7 at a fixed time. The arrows indicate the possible
jumps that particles can make and the rates with which they happen are written above them
Definition 1.3. For k ≥ 1, t > 0 and θ > 0 we let Q(s) = (Q1(s), ..., Qk(s)) be the continuous
time Markov chain on Nk0 defined through the dynamics in the previous paragraph and with initial
distribution such that Q1(0), ..., Qk(0) are i.i.d. random variables with
P(Q1(0) = n) = (1− p)−θ Γ(n+ θ)
Γ(n+ 1)Γ(θ)
pn, n ∈ Z≥0, and p =
√
t
1 +
√
t
.
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It is easy to check that Q(s) is a stationary pure jump continuous time Markov process and we
view it as an element in Dk - the space of right continuous left limited functions from [0,∞) to Nk≥0
with the usual Skorohod topology (see e.g. [17]). With this notation we formulate the following
theorem.
Theorem 1.4. Let X(s;N), s ≥ 0 be as in Definition 3.1 with θ ≥ 1. Fix t > 0 and k ∈ N. Then(
XN1 (tN + s;N)−XN−11 (tN + s;N), ..., XN−k+11 (tN + s;N)−XN−k1 (tN + s;N)
)
, s ≥ 0
converges in the limit N →∞ in law on Dk to the process Q(s) from Definition 1.3.
Remark 1.5. Theorem 1.4 resembles Theorem 1.6 in [18], where the authors consider the same limit
with t = θ−1 for multilevel Dyson Brownian motion. In that setting, the limiting object is a certain
stationary Markov process, which the authors define as a weak solution of a certain system of SDEs
that have a local form.
1.3. Outline and acknowledgements. In Section 2 we provide the necessary background on how
to develop stochastic dynamics from Jack polynomials and their positive specializations. In Section
3 we use that the fixed time distribution of the top row of X(s;N), s ≥ 0 is described by the discrete
β-ensemble of [11]. Relying on various previously known results about the discrete β-ensemble, such
as law of large numbers of the empirical measures and large deviation estimates for the edge, we
prove Theorem 1.1. In Section 4 we prove Theorem 1.4 using Martingale Problem convergence tech-
niques, in the spirit of Stroock and Varadhan. Section 5 explains the link between X(s;N), s ≥ 0
and the discrete β-ensemble and supplies the proofs of various results used throughout the text.
The authors would like to thank Vadim Gorin for suggesting this problem to them and for
numerous fruitful discussions.
2. Multilevel dynamics via Jack polynomials
The process X(s;N) from Section 1.2 is a special case of a multilevel dynamics, defined through
Jack polynomials. This section provides the necessary background for the construction of these
dynamics and forms the theoretical basis for our definition of X(s;N), presented in the beginning
of Section 3.
2.1. General definitions. We summarize some facts about partitions and Jack symmetric polyno-
mials, using [23] and Section 2.1 in [19] as main references. Readers familiar with these polynomials
can proceed to Section 2.2.
We start by fixing some terminology and notation. A partition is a sequence λ = (λ1, λ2, · · · )
of non-negative integers such that λ1 ≥ λ2 ≥ · · · and all but finitely many elements are zero. We
denote the set of all partitions by Y. The length `(λ) is the number of non-zero λi and the weight
is given by |λ| = λ1 + λ2 + · · · . For N ≥ 0 we let YN be the set of partitions of length at most N ,
where we agree that Y0 consists of a single partition of weight 0, which we denote by ∅. We say
that λ, µ ∈ Y interlace and write µ ≺ λ if
λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · .
A Young diagram is a graphical representation of a partition λ, with λ1 left justified boxes in the
top row, λ2 in the second row and so on. In general, we do not distinguish between a partition λ and
the Young diagram representing it. The conjugate of a partition λ is the partition λ′, whose Young
diagram is the transpose of the diagram λ. In particular, we have the formula λ′i = |{j ∈ N : λj ≥ i}|.
For a box  = (i, j) of a Young diagram λ (i.e., a pair (i, j) with λi ≥ j) we let
a(i, j;λ) = λi − j, l(i, j;λ) = λ′j − i, a′(i, j;λ) = j − 1, l′(i, j;λ) = i− 1.
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The quantities a(i, j;λ) and l(i, j;λ) are called the arm and leg lengths respectively, while a′(i, j;λ)
and l′(i, j;λ) are called the co-arm and co-leg lengths respectively. When λ is clear from context we
will omit it from the notation and write a(i, j) (or a()) and l(i, j) (or l()).
Let ΛX denote the Z≥0 graded algebra over C of symmetric polynomials in countably many
variables X = (x1, x2, ...) of bounded degree, see e.g. Chapter I of [23] for general information on
ΛX . One way to view ΛX is as an algebra of polynomials in Newton power sums
pk(X) =
∞∑
i=1
xki , for k ≥ 1.
For any partition λ we define
pλ(X) =
`(λ)∏
i=1
pλi(X),
and note that pλ(X), λ ∈ Y form a linear basis of ΛX .
In what follows we fix a parameter θ ∈ (0,∞). Unless the dependence on θ is important we
will suppress it from our notation, similarly for the variable set X. We write Jλ(X; θ) for the Jack
polynomial with parameter θ, which is indexed by the partition λ. The polynomials Jλ(X; θ), λ ∈ Y
form another linear basis of ΛX and many of their properties can be found in Section 10, Chapter VI
of [23]. We note that in [23] Macdonald uses the parameter α, corresponding to θ−1 in our notation.
Our choice to work with θ is made after [21]. If we specialize the variables xN+1, xN+2, ... to all equal
0 in the formula for Jλ(X; θ) we obtain a symmetric polynomial in N variables (x1, ..., xN ), denoted
by Jλ(x1, ..., xN ; θ). The leading term of Jλ(X; θ) and Jλ(x1, ..., xN ; θ) is given by xλ11 · · ·x
λ`(λ)
`(λ) (if
N ≥ `(λ)) and we have the following Sekiguchi differential operator eigenrelation
1∏
1≤i<j≤N (xi − xj)
det
[
xN−ji
(
xi
∂
∂xi
+ (N − j)θ + u
)]
Jλ(x1, ..., xN ; θ) =(
N∏
i=1
(λi + (N − i)θ + u)
)
· Jλ(x1, ..., xN ; θ).
(3)
The latter two properties uniquely define Jλ(x1, ..., xN ; θ) and Jλ(X; θ). We also use the dual Jack
polynomials J˜λ, which differ from Jλ by an explicit constant, depending on λ:
(4) J˜λ = Jλ ·
∏
∈λ
a() + θl() + θ
a() + θl() + 1 .
We next proceed to define the skew Jack polynomials (see Chapter VI in [23] for details). Take two
sets of variables X = (x1, x2, ...) and Y = (y1, y2, ...) and a symmetric polynomial f in countably
many variables. Let (X,Y ) denote the union of sets of variables X and Y . Then we can view
f(X,Y ) ∈ Λ(X,Y ) as a symmetric polynomial in xi and yj together. More precisely, if
f =
∑
λ∈Y
Cλpλ =
∑
λ∈Y
Cλ
`(λ)∏
i=1
pλi
is the expansion of f in the basis pλ (in the above sum Cλ = 0 for all but finitely many terms), then
f(X,Y ) =
∑
λ∈Y
Cλ
`(λ)∏
i=1
(pλi(X) + pλi(Y )).
In particular, we see that f(X,Y ) is the sum of products of symmetric polynomials in xi and
symmetric polynomials in yj . The skew Jack polynomials Jλ/µ are defined as the coefficients in the
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expansion
(5) Jλ(X,Y ; θ) =
∑
µ∈Y
Jµ(X; θ)Jλ/µ(Y ; θ).
Remark 2.1. The skew Jack polynomial Jλ/µ is 0 unless µ ⊂ λ (i.e. λi ≥ µi for i ∈ N), in which
case it is homogeneous of degree |λ| − |µ|. When λ = µ, Jλ/µ = 1 and if µ = ∅, then Jλ/µ = Jλ.
One similarly defines J˜λ/µ as the coefficients in the expansion
J˜λ(X,Y ; θ) =
∑
µ∈Y
J˜µ(X; θ)J˜λ/µ(Y ; θ).
We record the following generalization of (5) for later use (cf. Section 7 in Chapter VI of [23]):
Jλ/κ(X,Y ; θ) =
∑
µ∈Y
Jµ/κ(X; θ)Jλ/µ(Y ; θ),
J˜λ/κ(X,Y ; θ) =
∑
µ∈Y
J˜µ/κ(X; θ)J˜λ/µ(Y ; θ),
(6)
where κ ∈ Y. Thus (5) is a special case of (6) when κ = ∅.
An algebra homomorphism ρ from Λ to the set of complex numbers is called a specialization. If
ρ takes positive values on all (skew) Jack polynomials, it will be called Jack-positive. From [21] we
have the following classification of all Jack-positive specializations.
Proposition 2.2. For any fixed θ > 0, Jack-positive specializations can be parametrized by triplets
(α, β, γ), where α, β are sequences of real numbers with
α1 ≥ α2 ≥ · · · ≥ 0, β1 ≥ β2 ≥ · · · ≥ 0,
∞∑
i=1
(αi + βi) <∞
and γ is a non-negative real number. The specialization corresponding to a triplet (α, β, γ) is given
by its values on the Newton power sum pk, k ≥ 1:
p1 7→ p1(α, β, γ) = γ +
∞∑
i=1
(αi + βi),
pk 7→ pk(α, β, γ) =
∞∑
i=1
αi
k + (−θ)k−1
∑
i
βi
k, k ≥ 2.
The specialization with all parameters equal to 0 is called the empty specialization. It maps a
polynomial to its constant term (i.e. the degree zero summand).
Throughout this paper we will work with two specializations from Proposition 2.2. The first is
denoted by aN and corresponds to taking α1 = · · · = αN = a and all other α, β and γ parameters
are set to zero. The second is the Plancherel specialization rs, which satisfies γ = s and all other
parameters are set to 0.
We record some well-known explicit formulas for Jack-positive specializations (see e.g. Proposi-
tions 2.2, 2.3 and 2.4 in [19]). In the following we write 1E for the indicator function of the set E
and (b)n for the Pochhammer symbol b(b+ 1) · · · (b+ n− 1).
Proposition 2.3. For any λ ∈ Y we have
(7) Jλ(aN ) = 1{`(λ)≤N} · a|λ|
∏
∈λ
Nθ + a′()− θl′()
a() + θl() + θ and Jλ(rs) = s
|λ|θ|λ|
∏
∈λ
1
a() + θl() + θ .
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Proposition 2.4. For any λ, µ ∈ Y we have
Jλ/µ(a
1) =1{µ≺λ} · a|λ|−|µ|
∏
1≤i≤j≤k−1
(µi − µj + θ(j − i) + θ)µj−λj+1
(µi − µj + θ(j − i) + 1)µj−λj+1
·
(λi − µj + θ(j − i) + 1)µj−λj+1
(λi − µj + θ(j − i) + θ)µj−λj+1
,
(8)
where k is any integer satisfying `(λ) ≤ k. When µ differs from λ by one box λ = µ unionsq (i, j) the
above formula can be simplified to read in terms of J˜λ/µ
(9) J˜λ/µ(a1) = aθ ·
i−1∏
r=1
a(r, j;µ) + θ(i− r + 1)
a(r, j;µ) + θ(i− r)
a(r, j;µ) + 1 + θ(i− r − 1)
a(r, j;µ) + 1 + θ(i− r) .
We also recall the following summation formula for Jack polynomials (this is Proposition 2.5
in [19]).
Proposition 2.5. Let ρ1, ρ2 be two specializations such that the series
∑∞
k=1
pk(ρ1)pk(ρ2)
k is absolutely
convergent and define
Hθ(ρ1; ρ2) = exp
(
θ
∞∑
k=1
pk(ρ1)pk(ρ2)
k
)
.
Then we have
(10)
∑
λ∈Y
Jλ(ρ1)J˜λ(ρ2) = Hθ(ρ1; ρ2),
and more generally for any ν, κ ∈ Y
(11)
∑
λ∈Y
Jλ/ν(ρ1)J˜λ/κ(ρ2) = Hθ(ρ1; ρ2)
∑
µ∈Y
Jκ/µ(ρ1)J˜ν/µ(ρ2).
Note that the sum on the right is in fact finite and so well-defined. Part of the statement is that the
left side is actually absolutely convergent and numerically equals the right side.
2.2. Jack measures and dynamics. We start with the definition of Jack probability measures,
based on (10).
Definition 2.6. Let ρ1 and ρ2 be two Jack-positive specializations such that the series
∑∞
k=1
pk(ρ1)pk(ρ2)
k
is absolutely convergent. The Jack probability measure Jρ1,ρ2(λ) on Y is defined through
(12) Jρ1,ρ2(λ) =
Jλ(ρ1)J˜λ(ρ2)
Hθ(ρ1; ρ2)
,
where the normalization constant is given by
Hθ(ρ1; ρ2) = exp
( ∞∑
k=1
θ
k
pk(ρ1)pk(ρ2)
)
.
Remark 2.7. The construction of probability measures via specializations of symmetric polynomials
was first proposed by Okounkov in the context of Schur measures [24]. Since that seminal work, the
framework has been extended to more general polynomials leading, in particular, to the Macdonald
measures of [4].
As an immediate corollary of Propositions 2.3 we obtain the following result (this is Proposition
2.8 in [19]).
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Proposition 2.8. Let 1N and rs be as in Proposition 2.3. Then J1N ;τs(λ) = 0 unless λ ∈ YN , in
which case we have
J1N ;rs(λ) = e−θsNs|λ|θ|λ|
∏
∈λ
Nθ + a′()− θl′()
(a() + θl() + θ)(a() + θl() + 1) .
In what follows we will construct a stochastic dynamics on YN . Our discussion will follow to
large extent Section 2.3 in [19]; however, we remark that similar constructions have been made for
Schur, q-Whittaker and Macdonald polynomials in [3, 4, 9, 10].
Definition 2.9. Given two specializations ρ and ρ′, define their union (ρ, ρ′) through the formulas
pk(ρ, ρ
′) = pk(ρ) + pk(ρ′), for k ≥ 1,
where pk, k ≥ 1 are the Newton power sums as before.
Let ρ and ρ′ be two Jack-positive specializations such that Hθ(ρ; ρ′) < ∞. Define the matrices
p↑λ→µ and p
↓
λ→µ with rows and columns indexed by Young diagrams as follows:
p↑λ→µ(ρ; ρ
′) =
1
Hθ(ρ; ρ′)
Jµ(ρ)
Jλ(ρ)
J˜µ/λ(ρ
′), λ, µ ∈ Y, Jλ(ρ) > 0,
p↓λ→µ(ρ; ρ
′) =
Jµ(ρ)
Jλ(ρ, ρ′)
Jλ/µ(ρ
′), λ, µ ∈ Y, Jλ(ρ, ρ′) > 0.
(13)
The following results follow from (6) and (11) (see also [3, 4, 10] for similar results in the case of
Schur, q-Whittaker and Macdonald polynomials).
Proposition 2.10. The matrices p↑λ→µ and p
↓
λ→µ are stochastic, i.e. the elements are non-negative
and for λ ∈ Y we have ∑
µ∈Y
p↑λ→µ(ρ, ρ
′) = 1 =
∑
µ∈Y
p↓λ→µ(ρ; ρ
′).
If µ ∈ Y and ρ1, ρ2, ρ3 are Jack-positive specializations we have∑
λ∈Y:Jρ1;ρ2 (λ)>0
Jρ1;ρ2(λ)p↑λ→µ(ρ2, ρ3) = Jρ1,ρ3;ρ2(µ)
∑
λ∈Y:Jρ1;ρ2,ρ3 (λ)>0
Jρ1;ρ2,ρ3(λ)p↓λ→µ(ρ1; ρ3) = Jρ1;ρ2(µ).
The matrices p↑λ→µ and p
↓
λ→µ satisfy the following commutation relation
p↑λ→µ(ρ1, ρ2; ρ3)p
↓
λ→µ(ρ1; ρ2) = p
↓
λ→µ(ρ1; ρ2)p
↑
λ→µ(ρ1, ρ3).
We note that p↑λ→µ(1
N ; rt) for t ≥ 0 defines a transition function on YN (see Chapter 2 in [22]).
The stochasticity is a consequence of Proposition 2.10, while the Chapman-Kolmogorov equations
follow from (6). The condition limt→0+ p
↑
λ→λ(1
N ; rt) = p
↑
λ→λ(1
N ; r0) = 1 is a consequence of the
fact that J˜µ/λ(rt) = 0 unless λ ⊂ µ in which case we have
J˜µ/λ(rt) =
{
1 if λ = µ,
O(t|µ|−|λ|) otherwise.
.
In particular, we conclude that there is a (unique) Markov chain with the above transition function
for a given initial condition. We call the latter process, started from ∅ (the element λ ∈ YN such
that λ1 = · · · = λN = 0), XNdisc(s), s ≥ 0 after [19] and record some of its properties in a sequence
of propositions, whose proof can be found in Section 2.3 of the same paper.
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Proposition 2.11. The jump rates of the Markov chain XNdisc on YN are given by
(14) qλ→µ =

Jµ(1
N )
Jλ(1N )
J˜µ/λ(r1), µ = λ unionsq,
− ∑
ν=λunionsq
qλ→ν , µ = λ,
0 otherwise.
Explicitly, for µ = λ unionsq (i, j) we have that qλ→µ equals∏
∈µ
Nθ + a′()− θl′()
a(;µ) + θl(;µ) + θ∏
∈λ
Nθ + a′()− θl′()
a(;λ) + θl(;λ) + θ
θ ·
i−1∏
k=1
a(k, j;λ) + θ(i− k + 1)
a(k, j;λ) + θ(i− k)
a(k, j;λ) + 1 + θ(i− k − 1)
a(k, j;λ) + 1 + θ(i− l) .(15)
Proposition 2.12. The process
∣∣XNdisc∣∣ := ∑Ni=1 (XNdisc)i is a Poisson process with intensity Nθ.
Proposition 2.13. For any fixed s > 0, the law of XNdisc(s) is given by J1N ;rs, which was computed
in Proposition 2.8.
2.3. Multilevel Jack measures and dynamics. For n,N ∈ N, n ≤ N denote by GTNn the
collection of sequences (λn ≺ · · · ≺ λN ) such that λi ∈ Yi for i = n, n+ 1, ..., N . A natural way to
generalize J1N ;τs to a measure on GTNn is given in the following definition.
Definition 2.14. For n,N ∈ N, n ≤ N and s ≥ 0 we define the multilevel Jack probability measure
Jmultis;n,N on GTNn by
(16) Jmultis;n,N (λn, ..., λN ) =
J˜λN (rs)JλN/λN−1(1
1) · · · Jλn+1/λn(11)Jλn(1n)
Hθ(rs; 1N )
.
For future use we also record the following formulas, which can be obtained from equations (4), (7),
(8) and the definition of rs
Jmultis;n,N (λn, ..., λN ) = 1{`(λn)≤n} · e−θsNs|λ
N |θ|λ
N | ∏
∈λN
1
a() + θl() + 1 ·
∏
∈λn
nθ + a′()− θl′()
a() + θl() + θ ·
N∏
k=n+1
Jλk/λk−1(1
1), with
Jλk/λk−1(1
1) = 1{λk−1≺λk}
∏
1≤i≤j≤k−1
f(λk−1i − λk−1j + θ(j − i))f(λki − λkj+1 + θ(j − i))
f(λk−1i − λkj+1 + θ(j − i))f(λki − λk−1j + θ(j − i))
(17)
where λ0 = ∅ and f(z) = Γ(z+1)Γ(z+θ) . Here Γ denotes the usual gamma function.
We summarize some of the properties of Jmultis;n,N in the following lemma.
Lemma 2.15. Let Jmultis;n,N be as in (16). Then Jmultis;n,N defines a probability measure on GTNn , which
satisfies the following Jack-Gibbs property:
(18) Jmultis;n,N (λn, ..., λN−1|λN = µ) ∝ Jµ/λN−1(11) · · · Jλn+1/λn(11)Jλn(1n).
Furthermore, the projection of Jmultis;n,N to (λn
′
, ..., λN
′
) where n ≤ n′ ≤ N ′ ≤ N is given by Jmultis;n′,N ′
and the projection to λN ′ is J1N′ ;rs.
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Proof. Let us sum (16) over λn, ..., λn′−1 and over λN ′+1, ..., λN−1. Using (6) we see that the result
is
(19)
J˜λN (rs)JλN/λN′ (1
N−N ′)Jλn′ (1
n′)
∏N ′−1
k=n′ Jλk+1/λk(1
1)
Hθ(rs; 1N )
.
If we set n′ = N ′ = N we see that the above is equal to J˜λN (rs)JλN (1
N )
Hθ(rs;1N )
, which by (10) proves that
Jmultis;n,N is indeed a probability measure. The fact that Jmultis;n,N satisfies the the Jack-Gibbs property
is immediate from its definition.
If we sum (19) over N and use (11) we will obtain
Hθ(1
N−N ′ ; rs)
JλN′ (rs)Jλn′ (1
n′)
∏N ′−1
k=n′ Jλk+1/λk(1
1)
Hθ(rs; 1N )
.
Using that Hθ(1k; rs) = Hθ(rs; 1k) = eθsk, we recognize the above as Jmultis;n′,N ′(λn
′
, ..., λN
′
), which
proves the second part of the lemma. The last part follows from the second one when n′ = N ′. 
Remark 2.16. The measure Jmultis;1,N is the ascending Jack process with specialization ρ = rs (see
Definition 2.12 in [19]).
Remark 2.17. When θ = 1, (18) means that the conditional distribution of λn, ..., λN−1 is uniform
on the polytope defined by the interlacing conditions.
Our next goal is to define a stochastic dynamics on GTNn , whose restriction to level k ∈ {n, ..., N}
has the same law as Xkdisc(s), s ≥ 0. Analogues of this construction were done in [3,4,9,10] and they
are based on an idea going back to [15], which allows one to couple dynamics of Young diagrams of
different sizes.
Let us fix  > 0. For k = n, ..., N we introduce the following notation
Pk(λ, µ) = p
↑
λ→µ(1
k; r) for λ, µ ∈ Yk,
Λkk−1(λ, µ) = p
↓
λ→µ(1
k−1; 1) for λ ∈ Yk and µ ∈ Yk−1.
It follows from Proposition 2.10 that PkΛkk−1 = Λ
k
k−1Pk−1 for k = n + 1, ..., N and we denote this
matrix by ∆kk−1. For X = (xn, ..., xN ), Y = (yn, ..., yN ) ∈ GTNn we define
(20) P(N,n)(X,Y ) = Pn(xn, yn)
N∏
k=n+1
Pk(xk, yk)Λ
k
k−1(yk, yk−1)
∆kk−1(xk, yk−1)
if
∏N
k=n+1 ∆
k
k−1(xk, yk−1) > 0 and 0 otherwise. As shown in Section 2.2 in [9], we have that P(N,n)
is a stochastic matrix and so we can define with it a discrete time Markov chain on GTNn .
Remark 2.18. One way to think of P(N,n) is as follows: Starting fromX = (xn, ..., xN ) we first choose
yn according to the transition matrix Pn(xn, yn), then choose yn+1 using
Pn+1(xn+1,yn+1)Λ
n+1
n (yn+1,yn)
∆n+1n (xn+1,yn)
,
which is the conditional distribution of the middle point in successive applications of Pn+1 and Λn+1n ,
provided that we start from xn+1 and finish at yn, after that we choose yn+2 using the conditional
distribution of the middle point of successive applications of Pn+2 and Λn+2n+1 provided we start at
xn+2 and finish at yn+1 and so on. One calls this procedure of obtaining Y from X a sequential
update.
We denote the Markov chain with transition matrix P(N,n), which is started from (∅, ...,∅) ∈ GTNn
(i.e. the sequence (λn, ..., λN ) with λji = 0 for 1 ≤ i ≤ j and n ≤ j ≤ N), by Xˆmultin,N (m; ),m ∈ N0.
The following proposition contains the main property of Xˆmultin,N (m; ),m ∈ N0 that we will need.
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Proposition 2.19. Let Xˆmultin,N (m; ),m ∈ N0 be as above.
(1) The restriction of Xˆmultin,N (m; ),m ∈ N0 to levels {n′, n′ + 1, ..., N ′} with n ≤ n′ ≤ N ′ ≤ N
has the same law as Xˆmultin′,N ′ (m; ),m ∈ N0.
(2) The law of Xˆmultin,N (m; ) for fixed m ≥ 0 is given by Jmultim;n,N .
(3) For each k ∈ {n, ..., N} we have that Xˆmultin,N (m; ),m ∈ N0, restricted to level k, has the
same law as Xkdisc(m),m ∈ N0.
Proof. We know that the restriction of Xˆmultin,N (m; ),m ∈ N0 to levels {n, ..., N ′} has the same law as
Xˆmultin,N ′ (m; ),m ∈ N0, because of the sequential update property of the transition matrix P(N,n) (see
Remark 2.18) and this holds for any initial conditions. Thus it suffices to show the first property
when N ′ = N . The first statement now follows from Proposition 2.2 in [9] applied to the following
setting
S∗ = Yn+1 × · · · × YN , S = Yn, Λ((xn+1, ..., xN ), xn) = Λn+1n (xn+1, xn)
P ∗(X,Y ) = Pn+1(xn+1, yn+1)
N∏
k=n+2
Pk(xk, yk)Λ
k
k−1(yk, yk−1)
∆kk−1(xk, yk−1)
, P (x, y) = P1(x, y),
where X = (xn+1, ..., xN ) and Y = (yn+1, ..., yN ) are in S∗. The essential ingredients we need
are the commutation relation PkΛkk−1 = Λ
k
k−1Pk−1 and the fact that the delta mass at (∅, ...,∅)
satisfies the Jack-Gibbs property (see (18)). The second property is a consequence of Proposition
2.5 in [4] and again relies on the commutation relation PkΛkk−1 = Λ
k
k−1Pk−1 and the fact that the
delta mass at (∅, ...,∅) satisfies the Jack-Gibbs property.
The third property follows from the first by setting n′ = k = N ′, since then Xˆmultik,k (m; ),m ∈ N0
is defined entirely in terms of Pk, which is the transition matrix for XNdisc(m),m ≥ 0 and the
distribution of the two chains at m = 0 is the same. 
As discussed in Section 2.3 [19], the continuous time processes Xˆmultin,N (bs−1c; ), s ≥ 0, weakly
converge to a fixed continuous time process. We will only sketch the main ideas and refer the reader
to Section 2.7 in [9] and Section 2.3.3 in [4] for a careful treatment of this limit transition in the
context of Schur and Macdonald polynomials.
Using that J˜κ/λ(r) is of order |κ|−|λ| as → 0+ one obtains that
P(N,n)(X,Y ) ≈ 1{X=Y } + Q(X,Y ) +O(2),
where Q is a certain matrix with rows and columns parametrized by elements in GTNn . Let X =
(λn, ..., λN ) and Y = (µn, ..., µN ), then the entry Q(X,Y ) can be found as follows. Suppose that
X 6= Y and there exist integers A,B,C and x such that
1 ≤ A ≤ B, n ≤ B ≤ N, 0 ≤ C ≤ N −B,
λBA = λ
B+1
A = · · · = λB+CA = x,
µBA = µ
B+1
A = · · · = µB+CA = x+ 1,
µmk = λ
m
k for all other values of (k,m). Then we have that
(21) Q(X,Y ) =

J˜µB/λB (r1)
JµB/λB−1(1
1)
JλB/λB−1(1
1)
if B ≥ n+ 1
J˜µB/λB (r1)
JµB (1
n)
JλB (1
n)
if B = n.
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In all other cases when X 6= Y we have Q(X,Y ) = 0 and the diagonal entries are given by
(22) Q(X,X) = −
∑
Y 6=X
Q(X,Y ).
The above description of Q implies that in each row at most N(N + 1)/2 off-diagonal entries are
non-zero and we note that they are uniformly bounded (independently of X and Y ). Indeed, by
(9) we have that Jµ/λ(11) is bounded from above and below for any µ, λ ∈ YN and λ ≺ µ. In
addition, we have that Jµ/λ(11) = Jµ/λ(r1), whenever µ = λ unionsq. Thus the top expressions in (21)
are all bounded away from 0 and ∞. From Proposition 2.12 we know that the sum over µB of the
bottom expression in (21) equals θn. Overall, this implies that Q(X,X) are uniformly bounded
from below and so by Theorem 2.37 in [22] there exists a (unique) continuous time Markov chain,
whose infinitesimal generator (or Q-matrix) is given by Q.
From Lemma 2.21 in [9] we have that lim→0+
(
P(N,n)
)bs−1c
= exp(tQ), which in turn implies the
weak convergence of Xˆmultin,N (bs−1c; ), s ≥ 0 to the continuous time Markov chain with infinitesimal
generator Q, started from (∅, ...,∅). We call the latter process Xmultin,N (s); s ≥ 0 and isolate its
definition below for future reference.
Definition 2.20. For N,n ∈ N with N ≥ n we define the multilevel Jack process to be the contin-
uous time Markov chain Xmultin,N (s); s ≥ 0 on GTNn with initial condition (∅, ...∅) and infinitesimal
generator (Q-matrix), given by (21) and (22).
Remark 2.21. For n = 1 the process Xmultin,N (s), s ≥ 0 agrees with the process Xmultidisc (s), s ≥ 0 of
Definition 2.27 in [19].
An alternative (less formal) description of Xmultin,N (s), s ≥ 0 can be given as follows. Each of the
coordinates (particles) λBk such that λ
B
k < min(λ
B
k−1, λ
B−1
k−1 ) has its own exponential clock with rate
q(λBk ) =

J˜λBunionsqk/λB (r1)
JλBunionsqk/λB−1(1
1)
JλB/λB−1(1
1)
if B ≥ n+ 1,
J˜λBunionsqk/λB (r1)
JλBunionsqk(1
n)
JλB (1
n)
if B = n.
All clocks are independent and k denotes the box at location λBk + 1. When the λBk clock rings we
find the longest string λBk = λ
B+1
k = · · · = λB+Ck and move all coordinates in the string to the right
by one. I.e. when the clock rings the particle λBk jumps to the right by 1 and if the jump violates
interlacing with the top rows, it pushes all particles above it to the right to restore interlacing.
We isolate some properties of Xmultin,N (s), s ≥ 0 in a proposition below. The following are obtained
from Proposition 2.19 by a limit transition.
Proposition 2.22. Let Xmultin,N (s), s ≥ 0 be as in Definition 2.20.
(1) The restriction of Xmultin,N (s), s ≥ 0 to levels {n′, n′ + 1, ..., N ′} with n ≤ n′ ≤ N ′ ≤ N has
the same law as Xmultin′,N ′ (s), s ≥ 0.
(2) The law of Xmultin,N (s) at a fixed time s ≥ 0 is given by Jmultis;n,N .
(3) For each k ∈ {n, ..., N} we have that Xmultin,N (s), s ≥ 0, restricted to level k, has the same law
as Xkdisc(s), s ≥ 0.
3. Fixed time limit
Using the setup of Section 2 we can now make a formal definition of the process X(s;N) that we
discussed in Section 1.2.
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Definition 3.1. For θ > 0 and N ∈ N, we define the process X(s;N) = (Xji (s;N) : 1 ≤ i ≤ j ≤
N), s ≥ 0 to be the continuous time Markov chain on the space of interlacing arrays GTN1 , whose
distribution is given by the multilevel Jack process Xmulti1,N (s); s ≥ 0 of Definition 2.20.
In this section we prove Theorem 1.1. The main argument is presented in Sections 3.2 and 3.3.
In the section below we prove several results that will be used in the proof. In the remainder of this
paper we write L
1−→, D−→ and P−→ for convergence in L1, in distribution and in probability respectively.
3.1. Preliminaries for Theorem 1.1. In this section we prove several asymptotic results about
the distribution of the top row of X(s;N) when s and N become large. These are given in Lemma
3.4 and will be used later in the proof of Theorem 1.1. In order to show Lemma 3.4 we will require
several additional results, which we present below. The proof of the following statements relies on
an identification of J1N ;rs with the discrete β-ensemble of [11] and is presented in Section 5.
Proposition 3.2. Let X(s;N) be as in Definition 3.1. For s ≥ 0 and t > 0 define the measures
µs,tN =
1
N
N∑
i=1
δ
(
XNi (tN + s;N) + (N − i+ 1)
N
)
.
Then there exists a deterministic measure µt, such that µs,tN ⇒ µt as N →∞, in the sense that for
any bounded continuous function f , we have the following convergence in probability:
lim
N→∞
∫
R
f(x)dµs,tN (x) =
∫
R
f(x)dµt(x).
The measure µt will be explicitly computed in Section 5.2; however, we summarize the properties
we will need in this section.
(1) The measure µt is compactly supported on the interval [0, bt], where bt = θ(1 +
√
t)2.
(2) The Stieltjes transform1 of the measure µt, satisfies lim→0Gµt(bt + ) = θ−1 log(1 + t−1/2).
Proposition 3.3. Let X(s;N) be as in Definition 3.1 and fix s ≥ 0 and t > 0. Define `i =
XNN−i+1(tN + s;N) + θ · i for i = 1, ..., N . Then we have the following
(23) lim
N→∞
E
N−1∏
j=1
(
1− 1
`N − `j
)(
1− 2θ − 1
`N − `j + θ − 1
) = t
(
√
t+ 1)2
,
(24)
`N
N
L1−→ θ(1 +√t)2 as N →∞.
Proposition 3.2 and the two properties that follow it are proved at the end of Section 5.2 and
Proposition 3.3 is proved in Section 5.3. We now turn to the main result of this section.
Lemma 3.4. Let X(s;N) be as in Definition 3.1 with θ ≥ 1 and fix s ≥ 0 and t > 0. Define
`i = X
N
N−i+1(tN + s;N) + θ · i for i = 1, ..., N and mj = XN−1N−j (tN + s;N − 1) + θ · j for
j = 1, ..., N − 1. Then we have the following convergence results as N →∞:
(25) 1.
1
`N − `N−1
P−→ 0, 2.
N−1∑
j=1
1
`N − `j
P−→ log(1 + t
−1/2)
θ
, 3.
N−2∑
j=1
1
`N −mj
P−→ log(1 + t
−1/2)
θ
.
Proof. Notice that 1`N−`j and
2θ−1
`N−`j+θ−1 are both between 0 and 1 (since `N − `i ≥ `N − `N−1 ≥
θ ≥ 1).
We next observe that if x ∈ [0, 1] then we have 0 ≤ (1 − x) ≤ exp(−x − x2/2). Indeed, setting
f(x) = 1 − x − exp(−x − x2/2) we see that f ′(x) = (1 + x) exp(−x − x2/2) − 1 and we have
1The Stieltjes transform of a measure µ on R is defined by Gµ(z) =
∫
R
1
z−xdµ(x) for z 6∈ supp(µ).
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f ′(x) ≤ 0 ⇐⇒ 1 + x ≤ exp(x+ x2/2), which is true for all x ∈ R. So f is a decreasing function on
R and as f(0) = 0 we conclude that f(x) ≤ 0 for x ∈ [0, 1]. This proves that 1−x ≤ exp(−x−x2/2)
for x ∈ [0, 1], while 0 ≤ 1− x is obvious. The latter implies that
(26)
N−1∏
j=1
(
1− 1
`N − `j
)(
1− 2θ − 1
`N − `j + θ − 1
)
≤ XNYN ,
where
XN = exp
−N−1∑
j=1
(
1
`N − `j +
2θ − 1
`N − `j + θ − 1
) and
YN = exp
−1
2
N−1∑
j=1
(
1
(`N − lj)2 +
(2θ − 1)2
(`N − `j − 1 + θ)2
) .
(27)
In what follows we prove that XN
P−→ t(√t + 1)−2 and YN P−→ 1 as N → ∞. We observe that
XN , YN ∈ [0, 1] and so it suffices to show that any weak subsequential limit of (XN , YN ) equals
(t(
√
t+ 1)−2, 1). In particular, by possibly passing to a subsequence, we may assume that XN and
YN are defined on the same probability space, are converging to random variables X and Y a.s. and
we want to show that X = t(
√
t+ 1)−2 and Y = 1 a.s.
From the Bounded Convergence theorem we know that E[XY ] = limN→∞ E[XNYN ], which to-
gether with (26) and (23) implies that
(28) E[XY ] ≥ t(√t+ 1)−2.
Take  > 0, δ > 0. By (24) we have P
(
`N
N ≥ θ(
√
t+ 1)2 + δ2
)
<  for N large enough. On the
event
{
`N
N ≤ θ(
√
t+ 1)2 + δ2
}
we have for N large enough:
N−1∑
j=1
1
`N − `j +
2θ − 1
`N − `j + θ − 1 ≥
1
N
N−1∑
j=1
1
δ
2 + θ(
√
t+ 1)2 − `jN
+
2θ − 1
δ
2 + θ(
√
t+ 1)2 + θ−1N −
`j
N
≥ 2θ
N
N−1∑
j=1
1
δ + θ(
√
t+ 1)2 − `jN
=
2θ
N
N∑
j=1
1
δ + θ(
√
t+ 1)2 − `jN
− 2θ
N
1
δ + θ(
√
t+ 1)2 − `NN
.
The first term in the last expression converges to 2θ·Gµt(bt+δ) by Proposition 3.2 and the discussion
below it. On the event
{
`N
N ≤ θ(
√
t+ 1)2 + δ2
}
the second term is bounded by
2θ
N
1
δ + θ(
√
t+ 1)2 − `NN
≤ 4θ
Nδ
.
The above suggests that for any δ,  > 0 we have
lim inf
N→∞
P(XN ≤ exp(−2θGµt(bt + δ)) ≥ 1− .
Consequently, P(X ≤ exp(−2θGµt(bt + δ)) ≥ 1− . Since δ,  > 0 are arbitrary, we conclude that
(29) X ≤ t(√t+ 1)−2,
where we used the second property of µt after Proposition 3.2 and the inequality is a.s. To summa-
rize, we have 0 ≤ X ≤ t(√t+ 1)−2 and 0 ≤ Y ≤ 1 a.s. (recall that XN , YN ∈ [0, 1] a.s.), while the
product satisfies E[XY ] ≥ t(√t+ 1)−2. This is possible only if X = t(√t+ 1)−2 a.s. and Y = 1 a.s.
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We thus conclude that XN
P−→ t(√t + 1)−2 and YN P−→ 1 as N → ∞. In particular, as N → ∞ we
get
N−1∑
j=1
1
(`N − `j)2 +
(2θ − 1)2
(`N − `j + θ − 1)2
P−→ 0, and
N−1∑
j=1
1
`N − `j +
2θ − 1
`N − `j + θ − 1
P−→ 2 · log
(
1 +
1√
t
)
.
(30)
From (30) it is obvious that 1
(`N−`j)2
P−→ 0, and so 1`N−`j
P−→ 0. This proves 1. We next observe
that
(31)
N−1∑
j=1
1
`N − `j +
2θ − 1
`N − `j + θ − 1 =
N−1∑
j=1
2θ
`N − `j +
N−1∑
j=1
(1− θ)(2θ − 1)
(`N − `j)(`N − `j + θ − 1) .
Consequently, (30) and (31) show that 2θ
∑N−1
j=1
1
`N−`j → 2log
(
1 + 1√
t
)
. This proves 2.
Notice that because of the interlacing property of the top two rows of X(s;N), we have that
`1 ≤ m1 ≤ `2 ≤ · · · ≤ `N−1 ≤ mN−1 ≤ `N . This implies that
N−1∑
j=1
1
`N − `j −
1
`N − `N−1 =
N−2∑
j=1
1
`N − `j ≤
N−2∑
j=1
1
`N −mj ≤
N−2∑
j=1
1
`N − `j+1 ≤
N−1∑
j=1
1
`N − `j .
From the above it is clear that 3. follows from 1.and 2. 
3.2. Two row analysis. We start our proof of Theorem 1.1 by first showing it holds when k =
1. The general statement will be proved in the next section. Our approach here closely follows
ideas from [18], where the authors proved an analogous result for β-Dyson Brownian motion. We
summarize the statement we will prove in a lemma.
Lemma 3.5. Let X(s;N) as in Definition 3.1 with θ ≥ 1 and fix s ≥ 0 and t > 0. Define
`i = X
N
N−i+1(tN + s;N) + θ · i for i = 1, ..., N and mj = XN−1N−j (tN + s;N − 1) + θ · j for
j = 1, ..., N − 1. Then `N −mN−1 D−→ Z as N →∞, where
P(Z = n+ θ) = (1− p)−θ Γ(n+ θ)
Γ(n+ 1)Γ(θ)
pn, n ∈ Z≥0, and p =
√
t
1 +
√
t
.
.
Proof. Let us fix λ ∈ YN and µ ∈ YN−1 such that µ ≺ λ. From Proposition 2.22 we know that
(32) P(XN (tN + s;N) = λ,XN−1(tN + s;N) = µ) = JmultitN+s;N−1,N (µ, λ).
We introduce the following useful notation
zN = `N −mN−1 − θ, and fN (k) = P(zN = k|`1, ..., `N ,m1, ...,mN−2), for k ≥ 0.
Combining (32) with (7) and (17) we see that for some c > 0 (depending on `1, ..., `N and
m1, ...,mN−2) we have
(33) fN (k) = c · Γ(θ + k)
Γ(1 + k)
N−2∏
i=1
(`N −mi − k − θ)
N−1∏
i=1
Γ(`N − `i − k)
Γ(`N − `i − k + 1− θ) ,
if 0 ≤ k ≤ `N − `N−1 − θ and 0 otherwise. We want to prove the following statements
(34)
fN (k)
fN (0)
P−→ pkΓ(k + θ)
k!Γ(θ)
, for k ≥ 0 and fN (0) P−→ (1− p)θ as N →∞,
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where p =
√
t
1+
√
t
. If (34) is true, then we have that fN (k)
P−→ (1− p)−θ Γ(k+θ)Γ(k+1)Γ(θ) as N →∞. Taking
expectations on both sides (this is allowed by the Bounded Convergence Theorem), we conclude
that
lim
N→∞
P(zN = k) = lim
N→∞
E[fN (k)] = (1− p)−θ Γ(k + θ)
Γ(k + 1)Γ(θ)
= P(Z = k + θ).
Since this is true for any k ≥ 0, we conclude that `N −mN−1 D−→ Z. We thus reduce the proof of
the lemma to showing (34).
Using (33) we have
(35)
fN (k)
fN (0)
=
Γ(θ + k)Γ(1)
Γ(1 + k)Γ(θ)
N−2∏
i=1
(
1− k
`N −mi − θ
)N−1∏
i=1
f(`N − `i − θ)
f(`N − `i − k − θ) , with f(z) =
Γ(z+1)
Γ(z+θ) .
We also have from the functional equation for the gamma function Γ(x+ 1) = xΓ(x) that
(36)
N−1∏
i=1
f(`N − `i − θ)
f(`N − `i − k − θ) =
N−1∏
i=1
k∏
j=1
(
1− θ − 1
`N − `i − j
)
.
By Lemma 3.4, we can find a sequence of sets D(N) ⊂ R2N−2 such that
(37) lim
N→∞
P(`1, ..., `N ,m1, ...,mN−2 ∈ D(N)) = 1
and for any sequence (xN1 , ..., xNN , y
N
1 , ..., y
N
N−2) ∈ D(N) and r ∈ R we have as N →∞ that
1.
1
xNN − xNN−1 + r
→ 0, 2.
N−1∑
i=1
1
xNN − xNi + r
→
log(1 + 1√
t
)
θ
, 3.
N−2∑
i=1
1
xNN − yNi + r
→
log(1 + 1√
t
)
θ
.
If (xN1 , ..., xNN , y
N
1 , ..., y
N
N−2) ∈ D(N) is a sequence satisfying the above properties we have
lim
N→∞
N−2∏
i=1
(
1− k
xNN − yNi − θ
)N−1∏
i=1
k∏
j=1
(
1− θ − 1
xNN − xNi − j
)
=
lim
N→∞
exp
(
−
N−2∑
i=1
k
xNN − yNi − θ
−
N−1∑
i=1
k(θ − 1)
xNN − xNi
+ o
(
1
xNN − xNN−1
))
=
( √
t
1 +
√
t
)k
,
(38)
Combining (35), (36), (37) and (38) we conclude that for every k ≥ 0 one has
fN (k)
fN (0)
P−→ pkΓ(k + θ)
k!Γ(θ)
as N →∞, where p =
√
t
1 +
√
t
.
It remains to show that fN (0)
P−→ (1 − p)θ as N → ∞. Observe that fN (0) ∈ [0, 1] and so it
suffices to show that any weak subsequential limit of fN (0) equals (1−p)θ. Let R be a subsequential
limit and fNr(0)
D−→ R as r →∞. We want to show that P(R = (1− p)θ) = 1.
Suppose that we have for some δ,  > 0 that P(R > (1−p)θ + ) > δ. Then, for all r large enough
we would have
P(fNr(0) > (1− p)θ + /2) > δ/2.
The latter statement together with the fact that fNr (k)fNr (0)
P−→ pk Γ(k+θ)k!Γ(θ) as r → ∞ implies that for r
large enough on an event of positive probability we will have that
∑
k≥0 fNr(k) > 1, which is a
contradiction. We thus conclude that P(R ≤ (1− p)θ) = 1.
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Pick any (1 +
√
t)−1 >  > 0. Using (35), (36) and the inequality 1 − x ≤ e−x for x ∈ [0, 1] we
see that for 0 ≤ k ≤ `N − `N−1 − θ
fN (k)
fN (0)
≤ Γ(θ + k)Γ(1)
Γ(1 + k)Γ(θ)
exp
−N−2∑
i=1
k
`N −mi − θ −
N−1∑
i=1
k∑
j=1
θ − 1
`N − `i − j
 ≤
≤ Γ(θ + k)Γ(1)
Γ(1 + k)Γ(θ)
exp
−N−2∑
i=1
k
`N −mi − θ −
N−1∑
i=1
k∑
j=1
θ − 1
`N − `i
 ,
where in the last inequality we used that θ ≥ 1. The above and (38) imply that if N is large enough
and (`1, ..., `N ,m1, ...,mN−2) ∈ D(N), then for all k ≥ 0 we have
fN (0)
( √
t
1 +
√
t
+ 
)k
Γ(θ + k)
Γ(θ)Γ(1 + k)
≥ fN (k).
Summing over k and using the well-known identity
∞∑
k=0
xk
Γ(k + θ)
Γ(θ)Γ(1 + k)
= (1− x)−θ, which holds
for |x| < 1, we get
fN (0)
(
1−
√
t
1 +
√
t
− 
)−θ
≥ 1, when (`1, ..., `N ,m1, ...,mN−2) ∈ D(N) and N is large enough.
In particular, the above together with (37) implies that P(R ≥ (1− p− )θ) = 1. This shows that
P(R ≥ (1− p)θ) = 1, which combined with our upper bound shows that P(R = (1− p)θ) = 1. 
3.3. Proof of Theorem 1.1. We proceed by induction on k. The base case k = 1, was proved in
Lemma 3.5.
Suppose for k < m the result of the theorem holds. We will prove it for k = m. For simplicity of
notations we set
ZNj = X
N−j+1
1 (tN + s;N)−XN−j1 (tN + s;N) for j = 1, ..., k.
Take any k1, ..., km ∈ Z≥0 and observe that
P(ZN1 = k1, ..., ZNm = km) = P(ZNm = km|ZN1 = k1, ..., ZNm−1 = km−1)P(ZN1 = k1, ..., ZNm−1 = km−1).
By the inductive hypothesis it is enough to show that
(39) lim
N→∞
P(ZNm = km|ZN1 = k1, ..., ZNm−1 = km−1) = pkm(1− p)θ
Γ(km + θ)
Γ(km + 1)Γ(θ)
.
Let us fix λr ∈ Yr for r = N −m, ..., N such that λN−m ≺ · · · ≺ λN . From Proposition 2.22 we
know that
(40) P(XN (tN + s;N) = λN , ..., XN−m(tN + s;N) = λN−m) = JmultitN+s;m,N (λN−m, ..., λN ).
Let FmN be the σ-algebra generated by XN−j+1i (tN + s;N) for j = 1, ...,m and i = 1, ..., N − j + 1.
Notice that FmN is a finer σ-algebra than that of ZN1 , ..., ZNm−1. Equations (40) and (16) imply that
for some positive c > 0, depending on XN−m+1(Nt+ s;N), we have
P(XN−m(tN + s;N) = λN−m|FmN ) = c · JλN−m(1N−m)JXN−m+1(Nt+s;N)/λN−m(1).
In particular, we see that
(41) P(XN−m(tN + s;N) = λN−m|FmN ) = P(XN−m(tN + s;N) = λN−m|XN−m+1(tN + s;N)).
By Proposition 2.22 we know that
(42) P(XN−m+1(tN + s;N) = λ,XN−m(tN + s;N) = µ) = JmultitN+s;N−m,N−m+1(µ, λ).
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Consequently, we may apply the same arguments as in the proof of Lemma 3.5 to show that
P(XN−m1 (tN + s;N)−XN−m+11 (tN + s;N) = k|XN−m+1(tN + s;N)) P−→
pk(1− p)−θ Γ(k + θ)
Γ(k + 1)Γ(θ)
, for any k ≥ 0 as N →∞.
(43)
The above statement follows from (34) as well as the Tower Property and Bounded Convergence
Theorem for conditional expectation.
Combining (41) and (43) we conclude that
(44) P(XN−m1 (tN + s;N)−XN−m+11 (Nt+ s;N) = k|FmN ) P−→ pk(1− p)−θ
Γ(k + θ)
Γ(k + 1)Γ(θ)
for any k ≥ 0 as N → ∞. We now take expectation on both sides of (44) with respect to
E
[·|ZN1 , ..., ZNm−1] and use the Tower Property for conditional expectation to get
(45) P(ZNm = k|ZN1 , ..., ZNm−1) P−→ pk(1− p)−θ
Γ(k + θ)
Γ(k + 1)Γ(θ)
,
for any k ≥ 0 as N → ∞. The change of the order of expectation and limits is allowed by the
Bounded convergence theorem. Clearly, (45) implies (39), which concludes the proof of the induction
step. The general result now follows by induction.
4. Dynamic limit
In this section we prove Theorem 1.4. The main argument is presented in Sections 4.2 and 4.3. In
the section below we supply several results that will be used in the proof. Throughout this section
we let Dk = D([0,∞),Nk0) be the space of right-continuous paths with left limits taking values in
Nk0 and endow it with the usual Skorohod topology (see e.g. [17]).
4.1. Preliminaries for Theorem 1.4. In this section we consider the dynamics of the top row of
X(s;N), s ≥ 0. The main result of the section is the following.
Proposition 4.1. Let X(s;N), s ≥ 0 be as in Definition 3.1 with θ ≥ 1 and fix t > 0. Then the
sequence of processes ZN (s) = XN1 (tN + s;N)−XN1 (tN ;N), s ∈ [0,∞) is tight on D1.
The proof of Proposition 4.1 is given in the end of this section and relies on Lemmas 4.2, 4.3 and
4.4 below. We present Lemma 4.2 here and postpone its proof until Section 5.
Lemma 4.2. Let X(s;N), s ≥ 0 be as in Definition 3.1 with θ ≥ 1 and fix s ≥ 0 and t > 0. If we
set Xi = XNi (t;N) then for any N ≥ 1 we have
(46) E
[
N∏
i=2
(
1 +
θ
X1 −Xi + (i− 1)θ
)]
≤ E
[
X1 + θN + 1
tθ
]
If we set `i = XNN−i+1(tN + s;N) + θ · i for i = 1, ..., N we have
(47)
N−1∏
j=1
(
1 +
θ
`N − `j
)
L1−→
√
t+ 1√
t
as N →∞.
Lemmas 4.3 and 4.4 provide asymptotic statements for the process XNdisc(s), s ≥ 0. The latter
process was defined in Section 2.2 and we recall it is a continuous time Markov chain on YN with
jump rates given in Proposition 2.11. The process implicitly depends on a parameter θ, that we
will assume to satisfy θ ≥ 1. The reason we are interested in XNdisc(s), s ≥ 0 is that by Proposition
2.22 it has the same law as top row of X(s;N), s ≥ 0. In what follows we give two equivalent
descriptions of XNdisc(s), s ≥ 0. Depending on the situation we will switch from one formulation to
the other. For brevity we will write XN (s), s ≥ 0 for XNdisc(s), s ≥ 0.
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Set ν = XN and xi = νi − i for i = 1, ..., N , then the state space consists of ordered sequences
x1 > x2 > · · · > xN of integers. Each particle xi jumps to the right by 1 independently of the
others according to an exponential clock with rate λi = qν→νunionsq(i,νi+1) if ν unionsq (i, νi + 1) ∈ YN and 0
otherwise (these rates are given in (14)). In particular, the jump rate is non-zero only if the position
to the right of a particle is unoccupied. We remark that the above particle dynamics has global
interactions, as the jump rate of each particle is influenced by the position of all other particles.
The second dynamics we formulate is a consequence of Proposition 2.12, which states that for any
ν ∈ YN , ∑µ=νunionsq qν→µ = Nθ. The latter implies that if λi = qν→νunionsq(i,νi+1) for ν unionsq (i, νi + 1) ∈ YN
and 0 otherwise, then pi = λi/Nθ defines a probability distribution Pν on {1, ..., N}. Let ν(n) =
Y1(n) ≥ Y2 ≥ · · · ≥ YN (n), n ≥ 0 be the discrete time Markov chain on YN , where at each time
n we sample i from {1, ..., N} according to Pν(n) and increase Yi by 1. If Ms is a Poisson process
on R+ with intensity Nθ, which is independent of ν(n), n ≥ 0, and ν(0) = ∅, then one readily
observes that the process ν(Ms) = Y1(Ms) ≥ Y2(Ms) ≥ · · · ≥ YN (Ms), s ≥ 0 has the same law as
XN (s), s ≥ 0.
We now state and prove Lemmas 4.3 and 4.4.
Lemma 4.3. Fix T0, T1 > 0, θ ≥ 1 and let XN (s), s ≥ 0 be as above. We can find a constant C > 0
depending on θ, T0 and T1, such that for any ∆ ∈ [0, 1] and s ∈ [0, T1] we have
(48) lim sup
N→∞
E
[
XN1 (T0N + s+ ∆)−XN1 (T0N + s)
] ≤ C∆.
Proof. Let ∆ ∈ [0, 1], and s ∈ [0, T1] be given and set  = ∆/N3. DenoteMt = XN1 (t)+ · · ·+XNN (t).
For r = 1, ..., N3 we define
tr = s+ r, Ar = X
N
1 (T0N + tr)−XN1 (T0N + tr−1), Br = MT0N+tr −MT0N+tr−1 .
Let λ1(t) denote the jump rate of the rightmost particle XN1 (t), which by (14) equals
(49) λ1(t) = θ ·
N∏
i=2
(
1 +
θ
XN1 (t)−XNi (t) + θ(i− 1)
)
.
In view of our second dynamic formulation (see the discussion before the statement of the lemma)
we have
E[Ar] = E[Ar|Br = 0] · P(Br = 0) + E[Ar|Br = 1] · P(Br = 1) + E[Ar|Br ≥ 2] · P(Br ≥ 2)
= E
[
λ1(tr−1)
Nθ
]
· P(Br = 1) + E[Ar|Br ≥ 2] · P(Br ≥ 2).
Since Br is a Poisson random variable with parameter θN = ∆/N2 ≤ 1/N2 and Ar ≤ Br, we have
that
• P(Br = 1) = exp
(− ∆
N2
) · ∆
N2
≤ ∆
N2
and
• E[Ar|Br ≥ 2] · P(Br ≥ 2) ≤ E[Br|Br ≥ 2] · P(Br ≥ 2) = E[Br] − P(Br = 1) = ∆N2 ·(
1− exp (− ∆
N2
)) ≤ 2
N4
, with the latter inequality true for all large N .
The above inequalities show that
(50) E[Ar] ≤ ∆
N3θ
· E [λ1(tr−1)] + 2
N4
.
From Proposition 2.22 we know that XN (s;N) and XN (s) have the same law. Consequently, we
may apply (46) to conclude
(51) E [λ1(tr−1)] ≤ θ · E
[
XN1 (T0N + tr−1) + θN + 1
tr−1θ
]
≤ θ · E
[
XN1 (T0N + T1 + 1) + θN + 1
T0Nθ
]
.
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In the second inequality we used that XN1 (s), s ≥ 0 is an increasing process and that tr−1 ∈
[T0N,T0 + T1 + 1].
It follows from (50) and (51) that
lim sup
N→∞
E
[
XN1 (T0N + s+ ∆;N)−XN1 (T0N + s;N)
]
= lim sup
N→∞
N3∑
r=1
E[Ar] ≤
≤ lim sup
N→∞
N3∑
r=1
(
∆
N3
· E
[
XN1 (T0N + T1 + 1) + θN
T0Nθ
]
+
2
N4
)
= ∆
(1 +
√
T0)
2
T0
.
In obtaining the last equality we used that XN (s;N) and XN (s) have the same law by Proposition
2.22 and (24). 
Lemma 4.4. Fix T0, T1 > 0, θ ≥ 1 and let XN (s), s ≥ 0 be as above. Define
(52) λ1(s) = θ ·
N∏
i=2
(
1 +
θ
XN1 (s)−XNi (s) + θ(i− 1)
)
.
If M > θ · 1+
√
T0√
T0
then
(53) lim
N→∞
P (λ1(s) < M for s ∈ [T0N,T0N + T1]) = 1.
Proof. Let  > 0 be given. We know we have the following convergence statements
1.
N∏
i=2
(
1 +
θ
XN1 (s)−XNi (s) + θ(i− 1)−K
)
P−→ 1 +
√
T0√
T0
as N →∞, for fixed s,K ≥ 0;
2. XN1 (T0N)−XN2 (T0N + T1) P−→∞ as N →∞;
3. There exists a K0 ∈ N, such that lim sup
N→∞
P(XN1 (T0N + T1)−XN1 (T0N) ≥ K0) < /2.
(54)
From Proposition 2.22 we know that XN (s;N) and XN (s) have the same law. Consequently, the
first statement above follow from Lemma 3.4 and the inequalities e−x−x2 ≤ 1− x ≤ e−x+x2 , which
hold for x ∈ [0, 0.2]. The second statement follows from Lemmas 3.4 and 4.3. The final statement
is a consequence of Chebyshev’s inequality and Lemma 4.3.
Fix the event AN =
{
XN1 (T0N) > 2K0 +X
N
2 (T0N + T1), X
N
1 (T0N + T1)−XN1 (T0N) ≤ K0
}
.
Since XNi (T0N + s) increases in s, we see that on AN we have for s ∈ [0, T1] and i ∈ {2, ..., N}(
1 +
θ
XN1 (T0N + s)−XNi (T0N + s) + θ(i− 1)
)
≤
(
1 +
θ
XN1 (T0N)−XNi (T0N + T1) + θ(i− 1)
)
≤
(
1 +
θ
XN1 (T0N + T1)−XNi (T0N + T1) + θ(i− 1)−K0
)
.
Taking the product over i = {2, ..., N} above we conclude that on AN
λ1(s) ≤ θ ·
N∏
i=2
(
1 +
θ
XN1 (T0N + T1)−XNi (T0N + T1) + θ(i− 1)−K0
)
.
From 1. in (54) we have that the quantity on the right above converges to θ · 1+
√
T0√
T0
in probability,
which is less than M . We thus conclude that
lim inf
N→∞
P (λ1(s) < M for s ∈ [T0N,T0N + T1]) ≥ lim inf
N→∞
(1− P(AcN )) = 1− lim sup
N→∞
P(AcN ).
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It follows from 2. and 3. in (54) that lim supN→∞ P(AcN ) ≤ /2 and so we conclude that
lim inf
N→∞
P (λ1(s) < M for s ∈ [T0N,T0N + T1]) > 1− .
As  > 0 was arbitrary the statement of the lemma follows. 
Proof. (Proposition 4.1) We verify the necessary and sufficient conditions for tightness from Corol-
lary 3.7.4 in [17]. Firstly, we note that for any s ≥ 0, ZN (s) are tight on R because ZN (s) ≥ 0 and
by Lemma 4.3, the expectations of these variables are uniformly bounded by a constant. The latter
verifies the first condition of Corollary 3.7.4 in [17].
Because ZN (s) is a counting process (it is increasing, pure-jump and has unit jump sizes) the
second condition reduces to showing that for any η > 0 and T > 0 there exists a δ > 0 such that
(55) lim sup
N→∞
P
(
min
i
[
TNi+1 − TNi
] ≤ δ) ≤ η,
where TN1 < TN2 < ... are the jump times of ZN in [0, T ]. Informally, the meaning of (55) is that
on any compact inverval [0, T ] the jump times of ZN are well-separated with high probability. The
reason one expects the jump times of ZN to be well-separated is that the jump rate for this process
at time s has the same law as λ1(tN + s), which is given in (52), and the latter quantity behaves
like a constant for all large N .
In what follows we will construct a Poisson point process RN , which is coupled with ZN , and
with high probability contains TN1 , TN2 , ... as a subset of its own jump times in [0, T ]. We start by
fixing M < Nθ and considering the process ν(Ms) = Y1(Ms) ≥ Y2(Ms) ≥ · · · ≥ YN (Ms), s ≥ 0
that was discussed before Lemma 4.3. Let S1 < S2 < ... be the arrival times of Ms in the interval
[tN, tN + T ], which we visualize as points on this segment. We now follow these points from left to
right and color some of them in red as follows.
We start from S1 and look at ν(MS1 − 1). Let λ1(S1) be given by
θ ·
N∏
i=2
(
1 +
θ
Y1(MS1 − 1)− Yi(MS1 − 1) + θ(i− 1)
)
and suppose it is less than M . Then we color S1 in red if Y1(MS1)− Y1(MS1 − 1) = 1. If the latter
is not true then we still color the point in red with probability M−λ1Nθ−λ1 . Since Y1 jumps at time
S1 precisely with probability λ1Nθ we conclude that this way we colored S1 in red with probability
M/Nθ. Afterwards we continue in this fashion until we reach the end of the interval [tN, tN + T ]
or until we reach some Si such that λ1(Si) > M . When the latter happens we simply color the
point Si in red with probability M/Nθ. Overall, the red points in the interval [tN, tN + T ] were
obtained by coloring each of the arrival times of Ms independently with probability M/Nθ. Thus
if RN denotes the point process on [0, T ], which is obtained by shifting the red points to the left by
tN , we conclude that RN is a Poisson point process with parameter M (recall that Ms is a Poisson
point process with parameter Nθ).
Let UN1 , UN2 , ... be the arrival times for RN in [0, T ]. By construction, we know that on the event
EMN = {λ1(s) < M |s ∈ [tN, tN+T ]} the set UN1 , UN2 , ... contains TN1 , TN2 , ... as a subset. The latter
implies that on the event EMN we have mini
[
TNi+1 − TNi
] ≤ mini [UNi+1 − UNi ] and so we conclude
that
(56) P
(
min
i
[
TNi+1 − TNi
] ≤ δ) ≤ P(min
i
[
UNi+1 − UNi
] ≤ δ)+ P ((EMN )c)
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Fix M > θ · 1+
√
t√
t
and notice that as RN is a Poisson point process with parameter M , we can find
δ > 0 such that
P
(
min
i
[
UNi+1 − UNi
] ≤ δ) ≤ η/2, for all N ∈ R.
On the other hand we have by Lemma 4.4 that P
(
(EMN )
c
) → 0 as N → ∞. Combining these
estimates with (56) we conclude (55). This proves that ZN (s), s ≥ 0 is tight on D1. 
4.2. One row analysis. In this section we focus on the top row of X(tN+s;N), s ≥ 0 and analyze
the limiting distribution of the rightmost particle XN1 (tN + s;N), s ≥ 0. The main result we will
prove is the following.
Proposition 4.5. Let X(s;N), s ≥ 0 be as in Definition 3.1 and fix t > 0. Then the sequence of
processes ZN (s) = XN1 (tN + s;N)−XN1 (tN ;N), s ∈ [0,∞) converges in the limit N →∞ in law
on D1 to the Poisson point process with rate q = θ · 1+
√
t√
t
.
Proof. From Proposition 2.22 we know that XN (s;N) and XN (s) (defined in Section 4.1) have
the same law and so it suffices to prove the proposition for XN (s). In particular, we let ZN (s) =
XN1 (tN + s) −XN1 (tN), s ∈ [0,∞) and prove that the sequence converges in the limit N → ∞ in
law on D1 to the Poisson point process with rate q = θ · 1+
√
t√
t
.
From Proposition 4.1 we know that ZN is a tight family on D1. Let Z be any subsequential limit
and pick a subsequence ZNk , which converges in law to Z. By virtue of the Skorohod Embedding
Theorem (see e.g. Theorem 3.5.1 in [16]) we may assume that all processes involved are defined on
the same probability space and that the convergence holds in the almost sure sense. Our goal is to
show that Z is the Poisson point process with rate q.
The strategy is to use the Martingale Problem, which characterizes the Poisson process with rate
q as the unique process Ru such that R0 = 0 and for every bounded function f : N0 → R, we have
that
(57) M(u) := f(Ru)−
∫ u
0
q(f(Rs + 1)− f(Rs))ds
is an FRu = σ(Rs, s ∈ [0, u]) martingale. The latter result is a special case of Theorem 4.4.1 in [17].
By uniqueness we mean that if two processes R1u and R2u with sample paths in D1 satisfy the above
condition then they have the same finite dimensional distributions. The latter by Proposition 3.7.1
in [17] means that the two processes define the same law on D1. Since the Poisson process of rate q
clearly satisfies (57), we conclude that it suffices to show that for any bounded function f : N0 → R
we have that
(58) M(u) := f(Z(u))−
∫ u
0
q(f(Z(s) + 1)− f(Z(s)))ds
is an FZu martingale and Z(0) = 0 a.s. The second condition is immediate from ZN (0) = 0 for each
N by definition and ZN (0) → Z(0) a.s. by assumption. Since Z(u) is right-continuous and f is
bounded we see that M(u) is adapted to FZu and integrable. The only thing left to check is that
for u ≥ s one has
(59) E
[
M(u)−M(s)|FZs
]
= 0 ⇐⇒ E [1A · (M(u)−M(s))] = 0 for all A ∈ FZs .
The collection of sets A that satisfy (59) is a λ-system, and so if we can prove that (59) holds for sets
of the form A = {Z(s1) ≤ a1, ..., Z(sk) ≤ ak} where k ∈ N, ai ∈ R and 0 ≤ s1 ≤ s2 ≤ ... ≤ sk ≤ s,
then by the pi− λ Theorem we will have the statement for all sets A ∈ FZs . We conclude that what
remains to be proved is
(60) E [1A · (M(u)−M(s))] = 0 if A = {Z(s1) ≤ a1, ..., Z(sk) ≤ ak} and u ≥ s.
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Let us introduce the following notation
AN = {ZN (s1) ≤ a1, ..., ZN (sk) ≤ ak},
MN (u) = f(ZN (u))−
∫ u
0
λ1(tN + v)(f(ZN (v) + 1)− f(ZN (v)))dv,
M ′N (u) = f(ZN (u))−
∫ u
0
q(f(ZN (v) + 1)− f(ZN (v)))dv.
(61)
In the above we have that λ1(s) is given by (52) and is the jump rate of the particle XN1 (s), s ≥ 0.
The Martingale Problem for XN (s), s ≥ 0 shows that MN (u) is a martingale with respect to the
filtration FXNu+tN . In particular, we conclude that
(62) E [1AN · (MN (u)−MN (s))] = 0, when u ≥ s.
By the Bounded Convergence Theorem we have
(63) lim
k→∞
E
[
1ANk · (M
′
Nk
(u)−M ′Nk(s))− 1A · (M(u)−M(s))
]
= 0.
Combining (62) and (63) we reduce (60) to showing the following statement for u ≥ s
(64) lim
N→∞
E [1AN ·KN (s, u)] = 0, where KN (s, u) = M ′N (u)−M ′N (s)−MN (u) +MN (s).
We notice that
KN (s, u) =
∫ u
s
(λ1(tN + v)− q) · (f(ZN (v) + 1)− f(ZN (v)))dv.
Let F = supx∈N0 |f(x)|. Then we have that
E [|KN (s, u)|] ≤ 2F
∫ u
s
E [|λ1(tN + v)− q|] dv.
From (47) we know that for each v ≥ 0 we have limN→∞ E [|λ1(tN + v)− q|] = 0. On the other
hand, we have for v ∈ [0, u] that
(65) E [|λ1(tN + v)− q|] ≤ q + E [λ1(tN + v)] ≤ q + E
[
XN1 (tN + u) + θN
θtN
]
≤ C.
The middle inequality follows from the fact that XN (s;N) and XN (s) have the same law by
Proposition 2.22, coupled with (46) and the monotonicity of XN1 (tN + v) for v ∈ [0, u]. The
last inequality is a consequence of (24). An application of the Bounded Convergence Theorem
now reveals that KN (s, u)
L1−→ 0 as N → ∞. The latter implies equation (64) and hence the
proposition. 
4.3. Proof of Theorem 1.4. By Proposition 2.22 we know that the projection of X(s;N), s ≥ 0
to the top k + 1 levels has the same law as XmultiN−k,N (s), s ≥ 0 from Definition 2.20. Consequently,
it is enough to prove the theorem for this process. For brevity we denote XmultiN−k,N (s), s ≥ 0 by
Xji (s), s ≥ 0 with j = N − k, ..., N and 1 ≤ i ≤ j. Define the sequence of processes
QN (s) =
(
QN1 (s), ..., Q
N
k (s)
)
= (XN1 (tN + s)−XN−11 (tN + s), XN−11 (tN + s)−
XN−21 (tN + s), ..., X
N−k+1
1 (tN + s)−XN−k1 (tN + s)), s ≥ 0.
(66)
To prove the theorem we want to show that QN (s) converges in the limit N →∞ in law on Dk to
the process Q(s) from Definition 1.3.
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We start by showing thatQN (s), s ≥ 0 is tight onDk. It suffices to show that for each i ∈ {1, ..., k}
we have that QNi (s) is tight in D
1. Notice that
QN (s) =
(
XN−i+11 (tN + s)−XN−i+11 (tN)
)
−
−
(
XN−i1 (tN + s)−XN−i1 (tN)
)
+
(
XN−i+11 (tN)−XN−i1 (tN)
)
.
The first two summands are tight on D1 by Proposition 4.1, while the last summand is tight by
Theorem 1.1. We conclude that QN is tight on Dk.
Our strategy for the remainder is to use the Martingale Problem, similarly to our proof of Propo-
sition 4.5. For a k-tuple x = (x1, ..., xk) ∈ Nk0 we let
(67) λij(x) = 1{xj>0}
i−1∏
r=j+1
1{xr=0} × θ ·
θ + xi
1 + xi
for 0 ≤ j < i ≤ k, and
(68) λk+1,j(x) = 1{xj>0}
i−1∏
r=j+1
1{xr=0} × θ ·
1 +
√
t√
t
for 0 ≤ j ≤ k.
with the convention that x0 > 0. We also let ei denote the i-th standard vector in Rk and write
e0 = ek+1 for the zero vector.
By definition, the Markov process Q(s), s ≥ 0 solves the following Martingale Problem. Let
f : Nk0 → R be a bounded function. Then the process
(69) MQ(u) := f(Q(u))−
∫ u
0
∑
0≤j<i≤k+1
λij(Q(v)) · [f(Q(v) + ei − ej)− f(Q(v))] dv
is an FQu martingale. It follows from Theorem 4.4.1 in [17] that if R(u) is another process with
sample paths in Dk, which solves the above Martingale Problem and R(0) has the same distribution
as Q(0) then R and Q have the same finite-dimensional distributions.
From our earlier work we know that QN form a tight family on Dk. Let R be any subsequential
limit and pick a sequence QNm , which converges in law to R. By the Skorohod Embedding Theorem
(see e.g. Theorem 3.5.1 in [16]) we may assume that all processes involved are defined on the same
probability space and that the convergence holds in the almost sure sense. In addition, from Theorem
1.1 we know that R(0) has the same distribution as Q(0). What remains to be shown is that R(u)
satisfies the Martingale Problem of (69).
Let us fix a bounded function f : Nk0 → R and let MR(u) be the process of (69) with Q replaced
with R. Similarly to the proof of Proposition 4.5 we reduce the proof that MR(u) is a martingale
to showing that
(70) E [1A · (MR(u)−MR(s))] = 0 if A = {R(s1) ∈ B1, ..., R(sl) ∈ Bl},
where s1 ≤ s2 ≤ ... ≤ sl ≤ s ≤ u and Bi ∈ B(Rk) (the Borel σ-algebra on Rk).
We introduce the following notation
AN = {QN (s1) ∈ B1, ..., QN (sl) ∈ Bl},
MN (u) = f(Q
N (u))−
∫ u
0
∑
0≤j<i≤k+1
λNij (X(v + tN))
[
f(QN (v) + ei − ej)− f(QN (v))
]
dv
M ′N (u) = f(Q
N (u))−
∫ u
0
∑
0≤j<i≤k+1
λij(Q
N (v))
[
f(QN (v) + ei − ej)− f(QN (v))
]
dv.
(71)
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In the above formula we have
λNαβ(λ
N−k, ..., λN ) = θ · 1{λN−β+11 >λN−α+11 }
α−1∏
r=β+1
1{λN−r+11 =λN−α+11 }
N∏
j=2
1− θ−1
λN−α+11 −λN−α+1j +(j−1)θ
1− θ−1
λN−α+11 −λN−αj−1 +(j−1)θ
for 0 ≤ β < α ≤ k + 1 and (λN , ..., λN−k) ∈ GTNN−k . We also set
λNk+1,β(λ
N−k, ..., λN ) = θ · 1{λN−β+11 >λN−k1 }
k∏
r=β+1
1{λN−r+11 =λN−k1 }×
N−k∏
j=2
(
1 +
θ
λN−k1 − λN−kj + (θ − 1)(j − 1)
)
,
for β = 0, ..., k. In both equations we use the convention that λN+11 = ∞. The meaining of λNij is
that it equals the jump rate with which particles XN−i+11 , ..., X
N−j+1
1 (and no others) jump to the
right by 1. The formulas presented above are obtained from (22) and Proposition 2.4.
The Martingale Problem for X(s), s ≥ 0 shows that MN (u) is a martingale with respect to the
filtration FXu+NT0 . In particular, we conclude that
(72) E [1AN · (MN (u)−MN (s))] = 0 when u ≥ s.
We notice that by the Bounded Convergence Theorem we have
(73) lim
m→∞E
[
1ANm · (M ′Nm(u)−M ′Nm(s))− 1A · (M(u)−M(s))
]
= 0.
Combining (72) and (73) we reduce (70) to showing the following statement for u ≥ s
(74) lim
N→∞
E [1AN ·KN (s, u)] = 0, where KN (s, u) = M ′N (u)−M ′N (s)−MN (u) +MN (s).
We notice that
KN (s, u) =
∑
0≤j<i≤k+1
∫ u
s
(λNij (X(v + tN))− λij(QN (v)) · (f(QN (v) + ei − ej)− f(QN (v))))dv.
Let F = supx∈N0 |f(x)|. Then we have that
(75) E [|KN (s, u)|] ≤
∑
0≤j<i≤k+1
2F
∫ u
s
E
[|λNij (X(v + tN))− λij(QN (v))|] dv.
From Proposition 2.22 and (47) we know that for each u ≥ 0 we have
lim
N→∞
E
[∣∣λNk+1,j(X(u+ tN))− λk+1,j(QN (u))∣∣] = 0.
On the other hand we have
E
[|λNk+1,j(X(u+ tN))− λk+1,j(QN (u))|] ≤ E [λNk+1,j(X(u+ tN))]+ θ · 1 +√t√
t
≤ C.
The middle inequality follows from Proposition 2.22, coupled with (46) and the monotonicity of
XN−k1 (tN + v) for v ∈ [0, u]. The last inequality is a consequence of (24). An application of the
Bounded Convergence Theorem now reveals that
(76) lim
N→∞
∑
0≤j≤k
2F
∫ u
s
E
[|λNk+1,j(X(v + tN))− λk+1,j(QN (v))|] dv = 0.
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In addition, by combining Proposition 2.22 and 3.4, we know that λNij (X(v+tN))−λij(QN (v)) P−→ 0.
This together with the Bounded Convergence Theorem shows
(77) lim
N→∞
∑
0≤j<i≤k
2F
∫ u
s
E
[|λNij (X(v + tN))− λij(QN (v))|] dv.
Combining (75), (76) and (77) shows that KN (s, u)
L1−→ 0 as N → ∞. The latter implies equation
(74) and hence the theorem.
5. Asymptotic results for J1N ;rs
In this section we prove several asymptotic results about the measure J1N ;rs from Proposition
2.8, which were used throughout the text. The key idea, which enables our analysis is that J1N ;rs
can be identified with the discrete β-ensemble of [11].
5.1. Discrete β-ensemble identification. We start by giving the definition of the discrete β-
ensemble as in [11].
Definition 5.1. Fix N ∈ N, 2θ = β > 0 and a real-valued function w(x;N).2 With the above data
we define the discrete β-ensemble as the probability distribution
(78) PN (`1, ..., `N ) =
1
ZN
∏
1≤i<j≤N
Γ(`j − `i + 1)Γ(`j − `i + θ)
Γ(`j − `i)Γ(`j − `i + 1− θ)
N∏
i=1
w(`i;N)
on ordered N -tuples `1 < · · · < `N such that `i = λN−i+1 + θ · i and λ1 ≥ ... ≥ λN are integers.
The quantity ZN is a normalization constant, which is finite under the assumptions on w(x;N).
We denote the state space of the above configurations (`1, ...`N ) by WθN .
Remark 5.2. The probability in (78) looks like
∏
1≤i<j≤N (`j − `i)β
∏N
i=1w(`i;N) if `j − `i → ∞
for 1 ≤ i < j ≤ N . The latter describes the general-β log-gas probability distribution and one can
think of the discrete β-ensemble as a certain discrete version of it.
If we set `i = λN−i+1 + θ · i with (λ1 ≥ · · · ≥ λN ) = λ ∈ YN , distributed according to J1N ;rs
from Proposition 2.8, then we obtain
(79) P(`1, ..., `N ) =
Γ(θ)Ne−sθN (sθ)−
N(N+1)
2∏N
i=1 Γ(iθ)
∏
1≤i<j≤N
Γ(`j − `i + θ)Γ(`j − `i + 1)
Γ(`j − `i)Γ(`j − `i + 1− θ)
N∏
i=1
(sθ)`i
Γ(`i + 1)
The above shows that J1N ;rs is equivalent with the discrete β-ensemble with w(x;N) = (sθ)
x
Γ(x+1) .
The latter implies that we may use the results in [11] to derive various asymptotic statements about
the measure J1N ;rs . We begin with a law of large numbers for the empirical measures.
Theorem 5.3. Fix s ≥ 0 and t > 0 and let λ ∈ YN be distributed according to J1N ;rtN+s from
Proposition 2.8. Suppose µs,tN =
1
N
∑N
i=1 δ
(
λi+θ·(N−i+1)
N
)
. Then there exists a deterministic measure
µs,t, such that µs,tN ⇒ µs,t as N →∞, in the sense that for any bounded continuous function f , we
have the following convergence in probability:
lim
N→∞
∫
R
f(x)dµs,tN (x) =
∫
R
f(x)dµs,t(x).
2 w(x;N) should decay at least as |x|−2θ(1+) for some  > 0 as |x| → ∞.
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Proof. The result follows from the identification of J1N ;rtN+s with the discrete β-ensemble in (79)
and Theorem 1.2 in [11]. The idea is to establish a large deviations principle for the measure in
(79), which would show that it is concentrated on those N -tuples (`1, ..., `N ) which maximize the
probability density. Similar results are known in various contexts (see e.g. the references in the
proof of Proposition 2.2 of [11]).

The measure µs,t will be explicitly computed in Section 5.2; however, we remark that it only
depends on t and so we will refer to it as µt. As will be shown, µt is compactly supported on the
interval [0, bt] with bt = θ(1 +
√
t)2 and has a density there that is bounded by θ−1. An important
additional result that we will require for our discrete β-ensemble is that the rescaled rightmost
particle `NN concentrates near the right endpoint of the support θ(1 +
√
t)2. We summarize the
result in a theorem below, which was communicated to us by Vadim Gorin, and whose proof will
appear at a later time.
Theorem 5.4. Fix s ≥ 0 and t > 0 and let λ ∈ YN be distributed according to J1N ;rtN+s from
Proposition 2.8. Then we have the following L1 convergence result
(80) lim
N→∞
E
[∣∣∣∣λ1 + θ ·NN − θ(1 +√t)2
∣∣∣∣] = 0.
Remark 5.5. Theorem 5.4 was proved in the case θ = 1 in [20], and analogues for continuous log-
gases are well-known (see e.g. Section 2.6.2 of [1]). For the general discrete β-ensemble there is a
proof of Theorem 5.4 under stronger assumptions on the measure in [11], and a more general version
which will contain the above theorem as a special case will appear in [13].
5.2. Nekrasov’s equation. In this section we use Nekrasov’s equation to find the limiting equi-
librium measure µs,t of Theorem 5.3. This approach was followed in [11]. In the end we will prove
Proposition 3.2 and the two properties after it.
The following corollary contains the Nekrasov’s equation and can be proved in the same way as
Theorem 4.1 in [11]. We remark that while we do not have the compactness assumption from that
theorem, the same proof goes through, because the set WθN is discrete in R.
Corollary 5.6. Let PN be the distribution on N -tuples (`1, ..., `N ) ∈WθN as in (79). Define
RN (ξ) = ξ · EPN
[
N∏
i=1
(
1− θ
ξ − `i
)]
+ (tN + s)θ · EPN
[
N∏
i=1
(
1 +
θ
ξ − `i − 1
)]
.
Then RN (ξ) is a degree one polynomial.
For a probability measure ν on R we define the Stieltjes transform
Gν(z) =
∫
R
1
z − xdν(x)
for z 6∈ supp(ν). Note that Gν(z) is analytic on the upper and lower complex half-planes.
We go back to the setup of Theorem 5.3 and assume that λ ∈ YN is distributed according to
J1N ;rtN+s . Setting `i = λN−i+1 +θ · i, using Corollary 5.6 and then setting ξ = Nz we conclude that
(81) RN (Nz) = Nz · EPN
[
N∏
i=1
(
1− θ
Nz − `i
)]
+ (tN + s) · EPN
[
N∏
i=1
(
1 +
θ
Nz − `i − 1
)]
is a degree 1 polynomial of z. Using the approximation 1 + x ≈ ex for small x we see that for
z ∈ C\R
N∏
i=1
(
1− θ
Nz − `i
)
= exp
(
θ
N
N∑
i=1
1
z − `i/N +O(N
−1)
)
.
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From Theorem 5.3, we know that
1
N
N∑
i=1
1
z − `i/N +O(N
−1) P−→
∫
R
1
z − xdµ
t(x) = Gµs,t(z), as N →∞
where µs,t is the limiting measure afforded by the theorem. An application of the Bounded Con-
vergence Theorem shows that
(82) lim
N→∞
EPN
[
N∏
i=1
(
1− θ
Nz − `i
)]
= exp(θGµs,t(z)).
Similar arguments reveal that
(83) lim
N→∞
EPN
[
N∏
i=1
(
1 +
θ
Nz − `i − 1
)]
= exp(−θGµs,t(z)).
Dividing both sides of (81) by N and letting N tend to infinity we conclude that for each z ∈ C\R,
we have
lim
N→∞
RN (Nz)
N
= z exp(θGµs,t(z)) + t exp(−θGµs,t(z)).
Since RN is a degree 1 polynomial, we know that N−1RN (Nz) = aNz + bN for some sequences
aN , bN ∈ C. The above equation suggests that aN → a and bN → b as N →∞ for some a, b ∈ C. In
addition, using that Gµs,t(ιx) ∼ 1ιx as x→∞, we conclude that a = 1 and b = θ(t− 1). The latter
means that we have the following functional equation for the Stieltjes transform of the limiting
measure µs,t
(84) z + θ(t− 1) = z exp(θGµs,t(z)) + t exp(−θGµs,t(z)).
We observe that (84) is a quadratic equation in exp(θGµs,t(z)) and we can solve it to get
(85) exp(θGµs,t(z)) =
z + θ(t− 1)−√(z + θ(t− 1))2 − 4tθz
2tθ
We take logarithms above and invoke the Stieltjes transform inversion formula (see e.g. Theorem
2.4.3 in [1])
f(x) = lim
y→0+
ImGµs,t(x− iy)− ImGµs,t(x+ iy)
2pii
to derive a formula for the density of the limitng measure. The result is presented below and we
split it into the cases t ≥ 1 and t ∈ (0, 1).
Suppose t ≥ 1. Then we get
(86) f(x) =
0 for x < θ(
√
t− 1)2 or x > θ(√t+ 1)2,
(θpi)−1 arccot
(
x+θ(t−1)√
4θtx−[x+θ(t−1)]2
)
otherwise.
Suppose t ∈ (0, 1). Then we get
(87) f(x) =

0 for x > θ(
√
t+ 1)2,
θ−1 for x < θ(
√
t− 1)2,
(θpi)−1 arccot
(
x+θ(t−1)√
4θtx−[x+θ(t−1)]2
)
otherwise.
We end the section with a proof of Proposition 3.3 and the two properties after it.
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Proof. (Proposition 3.2) By Proposition 2.22 and Lemma 2.15 we know that the distribution of
XN (tN+s;N) is the same as J1N ;rtN+s . Consequently, the convergence statement of the proposition
follows from Theorem 5.3. The fact that the limit depends only on t and not s is a consequence of
(86) and (87), which also imply the first property after Proposition 3.2.
From (86) and (87) we see that the density f behaves like 1{x<bt} ·
√
bt − x near bt = θ(
√
t+ 1)2.
Thus the second property after Proposition 3.2 is a consequence of the Dominated Convergence
Theorem. 
5.3. Proof of Proposition 3.3 and Lemma 4.2. We begin with a useful lemma.
Lemma 5.7. Let PsN be the distribution on N -tuples (`1, ..., `N ) ∈WθN as in (79) with s > 0. Define
∆(x) =
N−1∏
j=1
Γ(x− `j + 1)Γ(x− `j + θ)
Γ(x− `j + 1− θ)Γ(x− `j) .
Then we have
(88) EPsN
[
∆(`N − 1)
∆(`N )
]
= EPsN
[
sθ
`N + 1
]
and EPsN
[
∆(`N + 1)
∆(`N )
]
= EPsN
[
`N
sθ
× 1{`N>`N−1+θ}
]
.
Proof. Using the functional equation Γ(x+ 1) = xΓ(x), we see that
EPsN
[
`N
sθ
∣∣∣∣∣`1, ..., `N−1
]
= C(`1, .., `N−1)
∑
lN∈θ+`N−1+Z≥0
`N
sθ
(sθ)`N
Γ(`N + 1)
∆(`N ) =
= C(`1, .., `N−1)
(sθ)`N−1+θ−1
Γ(`N−1 + θ)
∆(`N−1 + θ) +
∑
`N∈θ+`N−1+Z≥0
(sθ)`N
Γ(`N + 1)
∆(`N )
∆(`N + 1)
∆(`N )
 =
= EPsN
[
`N
sθ
× 1{`N=`N−1+θ}
∣∣∣∣∣`1, ..., `N−1
]
+ EPsN
[
∆(`N + 1)
∆(`N )
∣∣∣∣∣`1, ..., `N−1
]
,
where C(`1, .., `N−1) is some normalization constant. Rearranging terms and taking the expectation
on both sides above we conclude the second part of the lemma.
The first part is proved similarly.
EPsN
[
sθ
`N + 1
∣∣∣∣∣`1, ..., `N−1
]
= C(`1, .., `N−1)
∑
`N∈θ+`N−1+Z≥0
sθ
`N + 1
(sθ)`N
Γ(`N + 1)
∆(`N ) =
= C(`1, .., `N−1)
∑
lN∈θ+`N−1+Z≥0
(sθ)`N
Γ(`N + 1)
∆(`N )
∆(`N − 1)
∆(`N )
= EPsN
[
∆(`N − 1)
∆(`N )
∣∣∣∣∣`1, ..., `N−1
]
,
where C(`1, .., `N−1) is some normalization constant. In the above we used that ∆(`N−1+θ−1) = 0.
Taking expectations on both sides of the above equation proves the first statement in the lemma. 
Proof. (Proposition 3.3) From Proposition 2.22 and Lemma 2.15 we know that the distribution of
XN (s;N) is the same as J1N ;rs . The latter together with Theorem 5.4 proves that
XN1 (tN + s;N) + θ ·N
N
L1−→ θ(1 +√t)2 as N →∞,
which is equivalent to (24).
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For λ distributed according to J1N ;rs , we set `i = λN−i+1 + θ · i. Recall that (`1, ..., `N ) has
the same distribution as (79). Let ∆(x) be as in Lemma 5.7 and notice that from the functional
equation of the gamma function Γ(x+ 1) = xΓ(x), we have
∆(`N − 1)
∆(`N )
=
N−1∏
j=1
(
1− 1
`N − `j
)(
1− 2θ − 1
`N − `j + θ − 1
)
.
Combining the above with the first equation in (88), where we replace s with tN + s, we conclude
(89) EPtN+sN
N−1∏
j=1
(
1− 1
`N − `j
)(
1− 2θ − 1
`N − `j + θ − 1
) = EPtN+sN
[
(tN + s)θ
`N + 1
]
.
Observe that `N+1(tN+s)θ
L1−→ t−1(1+√t)2 from Theorem 5.4, and so (tN+s)θ`N+1
P−→ t(1+√t)−2. In addition,
we know that `N ≥ Nθ by definition and so the Bounded Convergence Theorem shows
(90) lim
N→∞
EPtN+sN
[
(tN + s)θ
`N + 1
]
=
t
(1 +
√
t)2
.
Equations (89) and (90) prove (23) and hence Proposition 3.3. 
Proof. (Lemma 4.2) From Proposition 2.22 and Lemma 2.15 we know that the distribution of
XN (s;N) is the same as J1N ;rs . For λ distributed according to J1N ;rs , we set `i = λN−i+1 + θ · i.
Recall that (`1, ..., `N ) has the same distribution as (79). Let ∆(x) be as in Lemma 5.7 and notice
that from the functional equation of the gamma function Γ(x+ 1) = xΓ(x), we have
∆(`N + 1)
∆(`N )
=
N−1∏
j=1
(
1 +
1
`N − `j
)(
1 +
2θ − 1
`N − `j + θ − 1
)
.
Combining the above with the second equation in (88) we conclude
(91) EPsN
N−1∏
j=1
(
1 +
1
`N − `j
)(
1 +
2θ − 1
`N − `j + θ − 1
) = EPsN [`Nsθ × 1{`N>`N−1+θ}
]
.
Using that `N − `i ≥ θ ≥ 1, we see that
(92)
N−1∏
j=1
(
1 +
θ
`N − `j
)
≤
N−1∏
j=1
(
1 +
1
`N − `j
)(
1 +
2θ − 1
`N − `j + θ − 1
)
.
Combining (91), (92) with the inequality EPsN
[
`N
sθ × 1{`N>`N−1+θ}
]
≤ EPsN
[
`N
sθ
]
, we conclude (46).
In what follows we will prove (47). For λ distributed according to J1N ;rtN+s , we set `i = λN−i+1 +
θ · i. Since we already proved Propositions 3.2 and 3.3 we may use the results from Lemma 3.4.
They imply that
(93)
N−1∏
j=1
(
1 +
1
`N − `j
)(
1 +
2θ − 1
`N − `j + θ − 1
)
P−→ (
√
t+ 1)2
t
as N →∞.
In addition, by Lemma 3.4 we know that 1{`N>`N−1+θ}
P−→ 1 as N →∞ and so Theorem 5.4 together
with the Generalized Dominated Convergence Theorem implies that
(94) lim
N→∞
EPtN+sN
[
`N
sθ
× 1{`N>`N−1+θ}
]
=
(
√
t+ 1)2
t
.
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Combining (91), (93) and (94) we conclude that
(95)
N−1∏
j=1
(
1 +
1
`N − `j
)(
1 +
2θ − 1
`N − `j + θ − 1
)
L1−→ (
√
t+ 1)2
t
as N →∞.
From Lemma 3.4 we know that
∏N−1
j=1
(
1 + θ`N−`j
)
P−→
√
t+1√
t
as N →∞. The latter, together
with (92), (95) and the Generalized Dominated Convergence Theorem implies that
(96)
N−1∏
j=1
(
1 +
θ
`N − `j
)
L1−→
√
t+ 1√
t
as N →∞.
Equation (96) implies (47). 
References
1. G. Anderson, A. Guionnet, and O. Zeitouni, An introduction to random matrices, Cambridge Studies in Advanced
Mathematics, 2009.
2. G. Barraquand, A phase tansition for q-TASEP with a few slower particles, Stoch. Proc. Appl. 125 (2015),
2674–2699.
3. A. Borodin, Schur dynamics of the Schur processes, Adv. Math. 228 (2011), 2268–2291.
4. A. Borodin and I. Corwin, Macdonald processes, Probab. Theory Relat. Fields 158 (2014).
5. , Discrete time q-TASEPs, Int. Math. Res. Notices (2015), doi:10.1093/imrn/rnt206.
6. A. Borodin, I. Corwin, and P. L. Ferrari, Free energy fluctuations for directed polymers in random media in 1 +
1 dimension, Commun. Pur. Appl. Math. 67 (2014), 1129–1214.
7. A. Borodin, I. Corwin, and D. Remenik, Log-Gamma polymer free energy fluctuations via a Fredholm determinant
identity, Commun. Math. Phys. 324 (2013), 215–232.
8. A. Borodin, I. Corwin, and T. Sasamoto, From duality to determinants for q-TASEP and ASEP, Ann. Probab.
42 (2014), 2314–2382.
9. A. Borodin and P. Ferrari, Anisotropic growth of random surfaces in 2 + 1 dimensions, Commun. Math. Phys.
325 (2014), 603–684.
10. A. Borodin and V. Gorin, Lectures on Integrable Probability, (2012), Preprint, arXiv:1212.3351.
11. A. Borodin, V. Gorin, and A. Guionnet, Gaussian asymptotics of discrete β-ensembles, (2016), Preprint,
arXiv:1505.03760.
12. A. Borodin and L. Petrov, Nearest neighbor Markov dynamics on Macdonald processes, Adv. Math. 300 (2016).
13. G. Borot, V. Gorin, and G. Guionnet, In preparation.
14. I. Corwin and L. Petrov, The q-PushASEP: A new integrable model for traffic in 1 + 1 dimension, J. Stat. Phys.
160 (2015), 1005–1026.
15. P. Diaconis and J.A. Fill, Strong stationary times via a new form of duality, Ann. Probab. 18 (1990), 1483–1522.
16. R.M. Dudley, Uniform Central Limit Theorems, Cambridge University Press, 1999.
17. S.N. Ethier and T.G. Kurtz, Markov Processses: Characterization and Convergence, Wiley, New York, 1986.
18. V. Gorin and M. Shkolnikov, Interacting particle systems at the edge of multilevel Dyson Brownian motions,
(2014), Preprint, arXiv:1409.2016v1.
19. , Multilevel Dyson brownian motions via Jack polynomials, Probab. Theory Relat. Fields 163 (2015),
413–463.
20. K. Johansson, Shape fluctuations and random matrices, Commun. Math. Phys. 209 (2000), 437–476.
21. S. Kerov, A. Okounkov, and G. Olshanski, The boundary of Young graph with Jack edge multiplicities, Int. Math.
Res. Notices 4 (1998), 173–199.
22. T. Liggett, Continuous time Markov Processes: an introduction. In Graduate Studies in Mathematics, vol 113,
AMS, Providence, 2010.
23. I. G. Macdonald, Symmetric functions and Hall polynomials, 2 ed., Oxford University Press Inc., New York, 1995.
24. A. Okounkov, Infinite wedge and random partitions, Selecta Math. 7 (2001), 57–81.
25. J. Warren, Dyson’s Brownian motions, intertwining and interlacing, Electr. J. Probab. 7 (2007), 573–590.
